The muon component of extensive air showers by Earnshaw, J. C.
Durham E-Theses
The muon component of extensive air showers
Earnshaw, J. C.
How to cite:
Earnshaw, J. C. (1968) The muon component of extensive air showers, Durham theses, Durham University.
Available at Durham E-Theses Online: http://etheses.dur.ac.uk/8604/
Use policy
The full-text may be used and/or reproduced, and given to third parties in any format or medium, without prior permission or
charge, for personal research or study, educational, or not-for-proﬁt purposes provided that:
• a full bibliographic reference is made to the original source
• a link is made to the metadata record in Durham E-Theses
• the full-text is not changed in any way
The full-text must not be sold in any format or medium without the formal permission of the copyright holders.
Please consult the full Durham E-Theses policy for further details.
Academic Support Oﬃce, Durham University, University Oﬃce, Old Elvet, Durham DH1 3HP
e-mail: e-theses.admin@dur.ac.uk Tel: +44 0191 334 6107
http://etheses.dur.ac.uk
THE MUON COMPONENT OF 
EXTENSIVE AIR SHOWERS 
by 
J . C. EARNSHAW, B.Sc. 
A Thesis submit ted t o the U n i v e r s i t y o f Durham 
i n accordance w i t h the Regulat ions f o r 
the Degree of Doctor o f Philosophy 
Department o f Physics 
U n i v e r s i t y o f Durham August 1968 
( i ) 
ABSTRACT 
This t h e s i s descr ibes the d e t e r m i n a t i o n of va r ious c h a r a c t e r i s t i c s 
of the muon component of extens ive a i r showers (EAS) us ing the magnet 
spectrograph s i t u a t e d a t the B r i t i s h U n i v e r s i t i e s j o i n t a i r shower 
a r ray a t Have rah Park, near Harrogate . 
A f t e r an i n t r o d u c t i o n concerning the relevance o f muon s tud ies 
t o cu r r en t problems i n the s tudies of a i r showers (Chapter l ) , the 
a i r shower a r r ays and the magnet spectrograph are b r i e f l y descr ibed 
and a summary g i v e n of the a n a l y s i s of t h e data f r o m each (Chapters 
2 and 3 ) . 
The l a t e r a l d e n s i t y d i s t r i b u t i o n of muons o f momentum above 
1 GeV/c i s determined (Chapter k) f o r use i n the n o r m a l i z a t i o n o f the 
measured momentum spectrum of muons. The dependence of the number 
of muons on shower size i s found t o be constant over a v i d e range 
of s ize . 
The momentum spectrum o f muons i n a i r showers i s determined as 
a f u n c t i o n o f d i s tance f rom the shower core. The v a r i a t i o n of 
spectrum w i t h shower s ize and z e n i t h angle i s a l s o i n v e s t i g a t e d . 
These measurements extend beyond p rev ious exper imenta l work (Chapter 
5)j and do no t agree w i t h t h e o r e t i c a l p r e d i c t i o n s . A l l the f e a t u r e s 
can be accounted f o r by a c a r e f u l t rea tment of a i r showers i n i t i a t e d 
by pr imary p a r t i c l e s of mass g rea t e r t han t en (Chapter 6 ) , p r o v i d e d 
the m u l t i p l i c i t y o f p ions f o l l o w s an E *^ law f o r h igh energy. 
( i i ) 
The average he igh t s of o r i g i n of muons of v a r i o u s momenta are 
determined by two d i f f e r e n t methods. I t i s f u r t h e r shown t h a t the 
muons o r i g i n a t e a t he igh t s compatible w i t h the m o d i f i e d model 
(Chapter 7 ) . 
The i m p l i c a t i o n s of these observa t ions are discussed i n 
Chapter 8 and, f i n a l l y , experiments a re suggested which might c o n f i r m 
the proposed model. 
( i i i ) 
PREFACE 
This t h e s i s contains an account o f work done a t Haverah Park by 
the au thor , a research s tudent i n the Physics Department of the 
U n i v e r s i t y o f Durham, under t h e s u p e r v i s i o n of Professor G. D. Rochester, 
Fm B« S« 
Extensive a i r showers a re de tec ted a t Haverah Park by a r r ays o f 
Cherenkov de t ec to r s . The l a r g e r a r r a y s are operated by workers f r o m 
Leeds U n i v e r s i t y and measure the c h a r a c t e r i s t i c s of r a t h e r l a r g e 
showers. 
The main exper imenta l equipment used i n t h e p resen t work, the 
magnet spectrograph, was designed and cons t ruc ted by Professor G. D. 
Rochester and Dr. K. E. Turver i n I96U, and the two smal le r EAS a r r ays 
were b u i l t by Dr. K. • E. Turver and Mr. A. B. Walton i n 1965- These 
workers were j o i n e d by Mr. K. J . O r f o r d and the au thor i n September, 
1965. 
Reports o f the work were presented a t the I n t e r n a t i o n a l Conference 
on Cosmic Rays h e l d i n London (1965) and Calgary (I96'7)> and a l s o i n 
the Proceedings of the P h y s i c a l Soc ie ty i n 1967* 
The author a s s i s t e d Mr. A. B. Walton i n the development of the 
s i m p l i f i e d method of EAS a n a l y s i s descr ibed i n Sec t ion 2-2. 3> and 
was e n t i r e l y r espons ib le f o r the work presented i n Chapter k. Together 
w i t h h i s col leagues the au thor shared r e s p o n s i b i l i t y f o r the r o u t i n e 
ope ra t i on o f the spectrograph and the t rea tment o f the data. 
( i v ) 
Mr. K. J . O r f o r d d e r i v e d the muon momentum, spectrum as a f u n c t i o n o f 
d is tance f r o m the shower core . The checks on the EAS a n a l y s i s 
(5~3»l) the a n a l y s i s of the momentum spectrum as a f u n c t i o n o f 
shower s ize and z e n i t h angle were c a r r i e d out by the author . 
Mr. A. B. Walton and Dr. K. E. Turver c a l c u l a t e d the geomagnetic 
d e f l e c t i o n o f muons and t h e i r work was extended by the author . The 
a n a l y s i s of the angular d e v i a t i o n of mucus f r o m the core d i r e c t i o n 
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INTROHJCTIQN TO EXTENSIVE AIR SHOWERS 
1-1. I n t r o d u c t i o n 
1-1.1 Cosmic Rays 
The e a r t h i s cont inuous ly , exposed t o r a d i a t i o n v a r y i n g w i d e l y 
i n o r i g i n and i n nature- That p o r t i o n of t h i s r a d i a t i o n c a l l e d 
'cosmic r a y s ' i s e s s e n t i a l l y p a r t i c u l a t e , the p a r t i c l e s be ing atomic 
n u c l e i . The pr imary cosmic r ays i n t e r a c t s t r o n g l y w i t h the n u c l e i 
of the atoms i n the atmosphere. The study o f these i n t e r a c t i o n s 
and t h e secondary cosmic rays t o which they g ive r i s e can y i e l d 
i n f o r m a t i o n about the character of the i n t e r a c t i o n s and t h e nature 
and p r o p e r t i e s of the pr imary p a r t i c l e s themselves. 
1-1.2 Extens ive a i r showers 
The secondary p a r t i c l e s f r o m the i n t e r a c t i o n o f a p r imary 
p a r t i c l e may i n i t i a t e f u r t h e r i n t e r a c t i o n s by a cascade process which 
cont inues u n t i l the energies of the s t r o n g l y i n t e r a c t i n g p a r t i c l e s 
are t o o low t o i n i t i a t e f u r t h e r i n t e r a c t i o n s . I f t h e p r imary 
p a r t i c l e its o f s u f f i c i e n t energy, the cascade of p a r t i c l e s w i l l 
cont inue t o sea l e v e l and f o r m an ' ex tens ive a i r shower' which may 
c o n t a i n m i l l i o n s o f p a r t i c l e s spread over an area o f s eve ra l square 
k i l o m e t e r s . 
The p a r t i c l e s produced i n the nuc lear i n t e r a c t i o n s comprise 
p i o n s , kaons and baryons. They are main ly c o n f i n e d t o a r e g i o n 
2 
r a t h e r close t o the a x i s o f the shower, known as the core. These 
p a r t i c l e s have nuc lear i n t e r a c t i o n l eng ths i n a i r o f about 100 gin 
_2 
cm and they may e i t h e r i n i t i a t e f u r t h e r nuclear i n t e r a c t i o n s , 
thus c o n t i n u i n g the cascade, or decay t o o ther types of p a r t i c l e s , 
which do no t c o n t r i b u t e t o the f u r t h e r development of the nuc lear 
cascade. 
The charged p ions and kaons decay t o muons. Because o f 
r e l a t i v i s t i c t ime d i l a t i o n t h e p r o b a b i l i t y of p i o n or kaon decay i s 
g r ea t e s t a t low atmospheric d e n s i t i e s , and thus the muons t end t o 
o r i g i n a t e r a t h e r e a r l y i n the nuc lear cascade, and because of t h e i r 
low p r o b a b i l i t y f o r decay they ma in ly su rv ive t o the bot tom o f the 
atmosphere. The muons s u f f e r Coulomb s c a t t e r i n g i n the atmosphere 
and are d e f l e c t e d by the geomagnetic f i e l d , bu t the p r o b a b i l i t y 
of c a t a s t roph i c c o l l i s i o n i s v e r y low and thus the inuons, e s p e c i a l l y 
those of h i g h energy, r e t a i n i n f o r m a t i o n about t h e i r p o i n t of 
p roduc t i on . 
N e u t r a l p ions have an ext remely sho r t l i f e t i m e and, even when 
moving w i t h v e l o c i t i e s c lose t o ' c ' , decay prompt ly i n t o photons 
which i n i t i a t e e lec t romagnet ic cascades, whose development i s 
_2 
cha rac t e r i s ed by a ' r a d i a t i o n l e n g t h ' o f 38 gm cm i n a i r . 
As long as the n u c l e a r - a c t i v e p a r t i c l e s are s u f f i c i e n t l y energe t i c 
t o i n i t i a t e f u r t h e r i n t e r a c t i o n s , t he nuclear cascade i n j e c t s energy 
i n t o the e l ec t ron -pho ton component of the shower v i a n e u t r a l p lans . 
3 
1-2. Current problems i n the study of E.A.S. 
1-2.1 The pr imary spectrum 
The energy spectrum of pr imary cosmic rays extends f r o m some few 
10 
GeV t o a h i t h e r t o undetected upper l i m i t l a r g e r than 10 eV. This 
v a s t energy range cannot a l l be surveyed by one technique. A t energies 
of a few GeV the spectrum i s w e l l d e f i n e d by the l i m i t a t i o n of the 
f l u x by the e a r t h ' s magnetic f i e l d , w h i l e above t h i s r e g i o n the i n t e r -
a c t i o n s o f the pr imary p a r t i c l e s may be observed i n nuc lear emulsions 
Ik 
u n t i l , a t energies above some 10 eV the f l u x o f p a r t i c l e s becomes 
so low t h a t d i r e c t obse rva t ion becomes almost impossible . The pr imary 
energy spectrum may a l s o be e s t ima ted by s tudy ing the secondary 
cosmic rays compara t ive ly deep i n the atmosphere- High energy 
p a r t i c l e s cause extens ive a i r showers deep i n the atmosphere. Given 
a s u f f i c i e n t understanding o f the processes i n v o l v e d i n the e v o l u t i o n 
o f an a i r shower, i t s s ize can y i e l d an es t imate o f the energy of 
Ik 
the i n i t i a t i n g p a r t i c l e . Thus f o r energies above 10 eV, the energy 
spectrum o f cosmic rays may be deduced f rom the s ize spectrum of a i r 
showers. This e s t i m a t i o n i s open t o systemat ic e r r o r s r e s u l t i n g 
f rom an incomplete knowledge o f the processes i n v o l v e d i n the shower, 
but desp i t e these d i f f i c u l t i e s a wide measure of agreement has been 
reached on the f o r m o f the spectrum. Most es t imates agree t h a t f o r 
showers a t maximum development the pr imary energy i n GeV i s n u m e r i c a l l y 
equal t o t w i c e the number o f p a r t i c l e s i n the shower. 
An a l t e r n a t i v e approach i s t o es t imate the energy c a r r i e d by the 
4 
shower a t the obse rva t ion l e v e l f r o m the measured energy spectra of 
the va r ious components. The energy l o s t by the shower above the 
observa t ion l e v e l may be es t imated f r o m observat ions on the atmospheric 
Cherenkov l i g h t e m i t t e d by the r e l a t i v i s t i c shower p a r t i c l e s . For 
example Za tsep in e t a l . (1964) deduced t h a t a shower c o n t a i n i n g 
5 
3-5 x 10 p a r t i c l e s a t mountain a l t i t u d e s corresponded t o a p r imary 
energy o f (6 + ij""^) x 1 0 ^ eV, bu t a major u n c e r t a i n t y i n t h i s 
e s t i m a t i o n was the l a ck o f d e t a i l e d knowledge of the muon energy-
spec trum a t energies above 20 GeV. 
The pr imary spectrum shown i n F igure 1.1 has been deduced f r o m 
a l l a v a i l a b l e date (Greisen 1966a). Above 10"^ eV the spectrum i s a 
r e f l e c t i o n of the number spectrum of a i r showers. The change of slope 
15 
a t a shower s ize corresponding t o a pr imary energy o f some 10 eV 
i s now w e l l e s t a b l i s h e d e x p e r i m e n t a l l y . The r e v e r s i o n of the energy 
18 
spectrum t o a lower g rad i en t a t energies above about 5 x 10 eV i s 
much less w e l l e s t a b l i s h e d and i s c u r r e n t l y be ing examined by seve ra l 
groups. 
The lower i n f l e x i o n has been expla ined as a r e s u l t of a 
f a i l u r e i n the containment of cosmic rays by the magnetic f i e l d of 
the ga laxy , o c c u r r i n g a t a constant magnetic r i g i d i t y . L i n s l e y (1964) 
suggests t h a t the upper change of g rad ien t may be due t o the t o t a l 
f a i l u r e of the g a l a c t i c containment l e ad ing t o a predominance o f 
e x t r a - g a l a c t i c cosmic r ays . A l t e r n a t i v e exp lana t ions of the lower 
' k i n k ' have been proposed, such as a fundamenta l change i n the 
FIGURE 1.1 
The i n t e g r a l spectrum of p r imary cosmic 
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nuclear in teract ions at energies above .10 ^eV ( N i k o l s k i i 1967)-
The discovery of an isotropic universal black-body rad ia t ion 
of temperature approximately 3°K (e.g. R o l l and Wilkinson 1967) 
has placed a l l these explanations i n doubt. Greisen (1966b) has 
placed a rather f i r m estimate on the maximum energy which a cosmic 
ray may possess, rendering the observation by Linsley of a f l a t t e n i n g 
20 
of the energy spectrum and of one event of energy 10 eV rather 
surprising- H i l l a s ( l967a ,b) suggests that i f current theories om 
the evolut ion of the universe are correct t h i s black-body rad ia t ion 
may also explain the i r r e g u l a r i t i e s i n the primary energy spectrum. 
The choice of which, i f any, of these suggestions i s correct 
depends on the de ta i led observation of the character is t ics of a i r 
showers over the region of primary energy covering the ' k i n k s ' . 
Any information on the mass composition of the primary cosmic rays 
at the relevant energies would be of great in teres t i n th i s context, 
as the predict ions of the various models are rather d i f f e r e n t . 
1-2,2 The primary composition 
At energies below the a i r shower region the mass composition 
of the primary pa r t i c l e s has been determined by many workers by 
d i rec t observation using nuclear emulsions (see Table 1-1, a f t e r 
Ginzburg and Syrovatski i I96I+). Observations of events of extreme 
energies i n emulsions indicate that the primary composition may be 
Ik , 
largely unchanged fQr pa r t i c l e s of enrgy up to 2 x 10 eV (McCusker 
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TABLE 1. I 
COMPOSITION OF PRIMARY COSMIC RAYS 
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At greater energies d e f i n i t e conclusions cannot be drawn at the 
present t ime. However, the current p ic ture of the composition of 
the primary beam i s as fo l lows . The composition remains substant ia l ly 
unchanged from that shown in. the table t o primary energies of about 
15 
2 x 10 ' eV. As the energy rises above t h i s value the magnetic 
containment of the cosmic rays wi th in the galaxy breaks down and 
f i r s t protons and then par t i c les of progressively greater mass can 
17 
escape, u n t i l at about 10 eV i t is thought that even the heaviest 
nucle i are not trapped i n the galaxy> Beyond t h i s energy the raeta-
galact ic cosmic rays predominate, g iv ing a pure beam of protons. 
These conclusions are rather tenta t ive and the experimental 
basis f o r them w i l l now be examined. The constancy of the gradient 
of the number spectrum of a i r showers to a size equivalent to a 
15 
primary energy of some 10 eV indicates that the composition must 
be largely unchanged, wh i l s t the change i n gradient at such a size 
i s that expected on the hypothesis of a magnetic r i g i d i t y c u t - o f f 
i n the primary cosmic rays. This i s supported by observations of 
the density spectrum of a i r showers which exh ib i t s a steepening at 
large densities (Swinson and Prescott I966). The v a r i a t i o n wi th 
a l t i t u d e of the ' j o i n p o i n t ' of t h i s spectrum is consistent wi th the 
behaviour expected i f the energy per nucleon available to the primary 
15 
pa r t i c l e s terminates a t about 2 x 10 eV (Norman 1956, McCusker 
et a l . , 1968). 
Further evidence of the constancy of the composition t o energies 
15 
of 10 eV i s provided by an analysis of the f luc tua t ions i n the 
i n t ens i t y of atmospheric Cherenkov l i g h t associated wi th a i r showers 
15 
of primary energy less than 10 eV, observed at mountain a l t i t udes 
by Zatsepin et a l . (1964). 
Showers wi th mul t ip le cores have been studied experimentally and 
theo re t i ca l ly by several groups (e.g. Bray et a l . , 1966, Matano et 
a l . , 1967, Shibata et a l , , 1966, Thielheim and Karius 1966). The 
theore t i ca l studies suggest that such showers could be due to primary 
pa r t i c l e s of large atomic weight. The observation of an increasing 
proportion of showers w i t h mult i -core structure as the primary energy 
15 
increases beyond about 10 eV (McCusker et a l . , 1968) may then be 
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interpreted as evidence f o r the v a r i a t i o n of composition wi th energy-
out l ined above. However the experimental resul t s shew a very wide 
degree of discord, apparently dependent t o a large extent upon the 
method of detection. Thus i t is not possible a t present to deduce 
unambiguous information from the work on t h i s phenomenon. 
From an analysis of the f luc tua t ions of the numbers of muons i n 
16 
showers i n i t i a t e d by primary pa r t i c l e s of energy greater than 10 eV, 
Hasegawa et a l . (1962) f i n d that an appreciable number of the primary 
pa r t i c l e s are heavy nuc le i . I t w i l l be shown la te r i n th i s thesis 
(Chapter 6) tha t an in t e rp re t a t ion of the resu l t s of the present 
experiment indicates that the e f f e c t i v e atomic mass of pa r t i c l e s of 
17 
energy 2 x 10 eV i s probably greater than 10. 
17 
Turning now t o primary energies greater than about 10 eV, two 
groups have examined the f l uc tua t i ons i n the proport ion of muons in. 
showers at maximum development (Linsley and Scarsi 1962a, Toyoda et 
a l . , I966) and conclude tha t the experimental data i s incompatible 
wi th tha t expected f o r the composition of Table 1.1, while i t i s 
compatible wi th a pure beam of protons or pa r t i c l e s of greater mass. 
By a consideration of the f luc tua t ions of the age parameter of the 
showers, Linsley and Scarsi ru led out heavy pa r t i c l e s , f o r which 
these f luc tua t ions should be much narrower than observed. I t has 
thus been concluded that at these great energies the primary cosmic 
rays are protons. 
A comparison of the cosmic ray abundances of Table 1.1 w i t h the 
so-called 'cosmic abundances' (Suess and Urey 195&) indicates that 
the cosmic rays are much r icher i n nuc]£ i heavier than helium. 
Colgate (1966) predicts that supernovae should accelerate pa r t i c l e s 
to give an abundance s imi la r to cosmic rays up to i ron . Beyond 
t h i s element the abundances of the cosmic rays should be s imi la r to 
the 'cosmic abundances', a predic t ion confirmed by the measurements 
of Fowler et a l . (1967). 
1-2.3 Nuclear in teract ions a t a i r shower energies 
The nuclear cascade plays an essential ro le i n a i r showers, 
but, due to the complexity of the phenomenon, i t i s very d i f f i c u l t t o 
deduce the nature of the nuclear interact ions from the character is t ics 
of a i r showers. However, a measure of agreement has been reached on 
some features of very high energy interact ions . 
Estimates of the mean f ree path f o r nuclear in te rac t ion of 
protons i n a i r give a value of about 80 gm cm (Matano et a l . , 1964). 
The d i s t r i b u t i o n of transverse momentum and i t s mean value observed 
f o r high energy hadrons (Hasegawa et a l . , 1966) i s s imi la r to 1^hat 
found f o r pions i n accelerator experiments and also i n cosmic ray 
j e t s (Imaeda 1967)" Occasionally, very large values of transverse 
momentum are observed, an observation perhaps connected w i t h the 
f a c t that the surviving nucleon can have great transverse momentum 
(Akashi e t a l s , 1966)= The i n e l a s t i c i t y of the c o l l i s i o n s of nucleOns 
with a i r nuc le i has been shown to be d i s t r i bu t ed from 0.2 to 0 .9 , 
with a mean value of 0-54 (Winn et a l . , 1965); the i n e l a s t i c i t y of trie lriexasticity ox 
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c o l l i s i o n s of pions w i t h a i r nuc l e i appears much closer to uni ty . 
The data available to date on high energy interact ions suggest that 
a f i r e b a l l model with sane cont r ibut ion t o the pion population from 
baryon isobars i s most l i k e l y . 
Extrapolat ion of the information on nuclear in teract ions 
available at lower energies to a i r shower energies i s hazardous i n 
view of the vast energy range involved- Interact ions i n the region 
of energy studied using accelerators or cosmic ray j e t s i n emulsion 
stacks give r i se to most of the pa r t i c les i n an a i r shower, but 
very high energy p a r t i c l e s or those pa r t i c l e s o r ig ina t ing from the 
f i r s t interact ions of the cascade w i l l be produced i n u l t r a -h igh 
energy interact ions and w i l l thus be subject to the extrapolat ion 
problems mentioned above. 
1-3 The muon component of a i r showers 
New data about the primary pa r t i c l e s or nuclear interact ions can 
only be i n f e r r e d from the study of a i r showers by comparison of 
experimental data wi th the predic t ions of theories based upon many 
uncertainly known parameters. The muons i n a i r showers are closely 
re la ted t o the secondaries of the nuclear in terac t ions , and, while 
they const i tute only a few per cent of a l l the pa r t i c l e s i n a 
shower, they carry much of the energy of the shower and are r e l a t i v e l y 
r 
numerous a t distances of several hundred metres from the core. Mucns 
are eas i ly dist inguished from the electrons at these distances by 
t h e i r superior penetrating power but nearer the core there i s some 
danger of confusion wi th the nuclear in te rac t ing component. 
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I f the mass of the primary p a r t i c l e s var ies as suggested 
above, one consequence - w i l l be a v a r i a t i o n in the proportions of 
muons i n showers of various energies. H i l l a s (1966) suggests that 
the densities of high energy muons may be very sensit ive t o the primary 
mass. Such high energy muons w i l l be secondary t o pa r t i c l e s produced 
i n thervery high energy interact ions i n the core of the shower. Thus 
the muon component i s p o t e n t i a l l y most informative of the character is t ics 
of the shower, the nature of the primary and the nuclear cascade. These 
f ac t s have f o r some time stimulated studies, both experimental and 
theore t i ca l . 
The t heo re t i ca l studies have become comprehensive i n recent 
years and predict average l a t e r a l d i s t r i bu t i ons f o r varying energy 
thresholds, energy spectra a t various distances and heights of o r i g i n 
of the muons. The f luc tua t ions i n these and other parameters have 
also been estimated. To date, the experimental measurements have 
been rather r e s t r i c t e d , l a t e r a l d i s t r i bu t i ons or energy spectra being 
measured over r e s t r i c t e d distance or energy ranges. These measure-
ments have succeeded i n reaching some agreement, but comparison-/' 
w i t h theore t ica l predict ions shows discrepancies throughout the 
regions of distance and energy expected to be influenced strongly 
by the nuclear cascade. As the distance--from the core increases the 
energy of the muons f a l l i n g a t th is distance and o r ig ina t ing high 
i n the alztiosphere decreases ( H i l l a s 1966), and thus a t any distance 
i t i s possible t o define energies above which the inuon component 
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should be re la ted d i r e c t l y to the very ear ly in terac t ions of the 
nuclear cascade. 
For the f u l l e s t use t o be made of such comparisons of measurements 
on the muon component with theore t ica l suggestions, and hence wi th 
the assumed natures of the nuclear in terac t ions and the primary 
p a r t i c l e s , de ta i led information on the character is t ics of muons of 
d i f f e r e n t energies i s needed over wide ranges of various shower 
parameters. At Haverah Park showers of a wide range of size are 
detected and i n 1964 a magnet spectrograph was constructed there f o r 
the primary purpose of measuring the momentum spectrum of muons 
between 1 and 100 GeV/c at distances varying from 10 m to 1000 m 
5 8 
from the cores of showers of size between 10 and 2 x 10 pa r t i c l e s . 
I n add i t ion to t h i s p r i n c i p a l measurement several other aspects 
of the muon component have been studied wi th t h i s instrument. The 
l a t e r a l d i s t r i b u t i o n of muons wi th momentum greater than 1 GeV/c 
has been determined t o distances such that i t becomes sensitive to 
the upper por t ion of the nuclear cascade. Again, the heights of 
o r i g i n of muons detected a t distances from the core greater than 100 m 
have been investigated f o r large showers by two d i f f e r e n t techniques. 
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CHAPTER 2 
THE DETECTION OF EXTENSIVE AIR SHOWERS AT HAVERAH PARK 
The Extensive A i r Shower Arrays 
The a i r shower arrays at Haverah Park are assemblies of deep 
d i f fu sed Cherenkov l i g h t detectors (Tennent 1967, ' a , b ) . The main 
2 
500 m array consists of four uni ts of 3^ ni of detector, three of 
which are placed symmetrically round a c i r c l e of 500 m radius 
centred on the f o u r t h unit- The two smaller arrays are of s imi lar 
2 
geometry ;<af spacing 50 m and 150 m respect ively, each having 1 
2 
detector area at the outer stations and u t i l i z i n g 9 m of the centre 
detector of the 500 m array as the centra l detector. A recent 
development i s a large array, consist ing of s ix arrays (50 m and 150 m 
spacings), 'of s imi la r geometry t o that described above, d i s t r i bu t ed 
about the circumference of a c i r c l e of radius 2 km centred on the 
500 m array. The s i t u a t i o n of these detectors is shown i n Figure 2-1, 
r e l a t i ve to the coordinate system used-
2 
The ind iv idua l detectors are of area^2* 25 m and are 120 cm deep, 
f i l l e d wi th clear water and l i n e d w i t h white Darvic to d i f f u s e the 
Cherenkov l i g h t , which i s detected by a photomult ipl ier- These detectors 
present large areas and depths t o a i r showers from a l l d i rec t ions , 
r e su l t i ng i n very small f l uc tua t ions i n the detected signals The 
detectors are sensi t ive to both the penetrating and the so f t components 
of a i r showers; the dynamic range of the response which can be recorded 
FJSUKE 2.1 
The Haverah Park extensive a i r shower array 
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i s very large. The pulse height of the Cherenkov output is ca l ibra ted 
i n terras of the output due to a single v e r t i c a l l y incident r e l a t i v i s t i c 
muon and i s stated i n terms of 'equivalent muons'. Whenever a three-
f o l d coincidence above the required t r igge r l eve l occurs the amplitudes 
and r e l a t i ve times of a r r i v a l of the responses from a l l the detectors 
of the array are recorded photographically together w i t h the solar time 
of occurrence. 
Over the period of operation of the muon experiment the 500 m 
array has maintained an 85$ e f f i c i e n c y , recording 43 showers per day, 
IT l 8 
mainly between 10 eV and 10 eV. The zenith angle d i s t r i b u t i o n i s 
. o 
rather broad, but only showers wi th zenith angles less than 40 are 
used i n the muon studies. Such showers form 66$ of a l l showers and 
have a mean zenith angle of 2 5 ° , rather s imi lar to the mean angle of 
22° found f o r the showers accompanying muons measured i n the present 
study. The azimuthal d i s t r i b u t i o n of the showers i s s l i g h t l y 
asymmetric as the array i s t i l t e d from the hor izonta l 2 ° towards the 
north. 
2.^ 2 The Analysis of a i r showers 
The 500 m array i s t r iggered whenever the centre detector and two 
of the outer detectors record more than ten 1 equivalent muons'. A 
c r i t e r i o n imposed on the data p r i o r to f u l l analysis, which has 
recently been removed f r a n the treatment, was tha t any two of the 
detectors should have recorded more than 15 equivalent muons. Much of 
the ffiuon data of the present work has been recorded before t h i s removal. 
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The f u l l analysis carr ied out by workers a t Leeds University i s highly 
sophisticated and accurate, but t h i s l i m i t a t i o n prevented some k0$> of 
the showers with, zeni th angles less than U0° being analysed. To enable 
such events t o be used i n th i s experiment a simple analysis based on 
the method of intersect ing l o c i (A l l an et a l . , 1960) has been developed 
f o r these unanalysed events. A s imi la r method has been applied to the 
showers recorded by the two smaller arrays. 
2-.-2.1 The l a t e r a l d i s t r i b u t i o n of Cherenkov response 
To enable a shower to be analysed the l a t e r a l s tructure f u n c t i o n 
of the detector response must be established. While t h i s can be done 
f o r each shower, the i nd iv idua l best f i t s tructure funct ions have been 
shown by Suri (1966) t o d i f f e r only by f luc tua t ions from the mean 
values. Thus a knowledge of the average structure func t ion i s 
s u f f i c i e n t , t h i s average Tunction being known i n the region of distance 
greater than 150 m from the core from many previouis .analyses o'f2j?00iim 
showers and a t closer distances from the resul ts from several smaller 
arrays. 
The average l a t e r a l d i s t r i b u t i o n of the response of the detectors 
used a t Haverah Park i s shown i n Figure 2 .2 , where the density of 
Cherenkov response is re la ted t o shower size by 
D - N j ( r ) ( 2 . 1 ) 
the normalization being made at distances from the core less than 
20 m by L i l l i c r a p (1963) by a comparison wi th densities recorded by 
Geiger counters. For the purposes of shower analysis i t is convenient 
FIGURE 2.2 
The l a t e r a l structure func t ion of the response 
of the Cherenkov detectors. 









Log r (M) 
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t o r e p r e s e n t t h i s r e l a t i o n ove r a r e s t r i c t e d r ange o f d i s t a n c e by a 
power l a w , a s 
J ( r ) - K r " U (2.2) 
T h i s i s a good r e p r e s e n t a t i o n f o r d i s t a n c e s g r e a t e r t h a n 150 m f r o m 
t h e c o r e o f t h e shower , and a t t h e s e d i s t a n c e s t h e e x p o n e n t i n 
r e l a t i o n 2-2 v a r i e s s t r o n g l y w i t h z e n i t h a n g l e a n d l e s s s t r o n g l y w i t h 
shower s i z e (Tennen t 1967 ,b). 
F o r t h e d i s t a n c e and s i z e r ange c o v e r e d b y t h e s m a l l e r a r r a y s i t 
i s c o n v e n i e n t t o a d o p t a t w o e x p o n e n t f o r m , t h e m e d i a n e x p o n e n t b e i n g 
2.05 f o r d i s t a n c e s l e s s t h a n 150 m a n d 2.75 f o r g r e a t e r d i s t a n c e s f o r 
v e r t i c a l showers . On ly showers n e a r t h e z e n i t h n e e d be c o n s i d e r e d 
because o f t h e r e s t r i c t i o n s on t h e z e n i t h a n g l e s o f showers s e t by 
t h e a c c e p t a n c e o f t h e s p e c t r o g r a p h . 
2.-:2. 2 The Leeds a n a l y s i s o f showers d e t e c t e d b y t h e ^00 m a r r a y 
A b r i e f s y n o p s i s o n l y o f t h e f u l l a n a l y s i s o f t h e showers d e t e c t e d 
b y t h e 500 m a r r a y i s g i v e n s i n c e a more d e t a i l e d a c c o u n t has been 
p u b l i s h e d b y Tennent (1967* a ) « 
The d i r e c t i o n o f t h e a x i s o f t h e shower a n d t h e r a d i u s o f c u r v a t u r e 
o f t h e shower f r o n t a t t h e a r r a y a r e f o u n d f r o m t h e r e l a t i v e t i m e s o f 
a r r i v a l o f t h e p u l s e s a t t h e f o u r s t a t i o n s . U s i n g t h e a v e r a g e 
e x p o n e n t a p p r o p r i a t e t o t h e z e n i t h a n g l e o f t h e shower t h e c o r e p o s i t i o n 
a n d t h e c o n s t a n t K i n e q u a t i o n 2.2 a r e o p t i m i z e d . 
The e s t i m a t i o n o f t h e s i z e o f t h e shower p r e s e n t s many d i f f i c u l t i e s 
a s t h e a r r a y s a t H a v e r a h P a r k sample t h e shower i n a . q u i t e d i f f e r e n t 
f a s h i o n f r o m any o t h e r a r r a y s . I n p r i n c i p l e t h e s i z e i s d e t e r m i n e d b y 
17 
t h e n o r m a l i z a t i o n c o n s t a n t K , w h i c h has been d e t e r m i n e d under t h e 
a s s u m p t i o n o f a c o n s t a n t power l a w s t r u c t u r e f u n c t i o n be tween 100 a n d 
1000 m e t r e s f r o m t h e c o r e . A q u a n t i t y , E Q Q , M A V ^ s d e f i n e d as t h e 
ene rgy l o s t b y t h e shower on p a s s i n g t h r o u g h 120 cm dep th o f w a t e r 
be tween 100 a n d 1000 rn f r o m t h e c o r e , t h a t i s , 
, lOOO 
2ir. r r ~ n d r C,*« y?« <w/fi, 
...QO 
E-^QQ can be r e l a t e d t o p r i m a r y e n e r g y e i t h e r by a c o m p a r i s o n o f 
r a t e s o r by d e t a i l e d c a l c u l a t i o n o f t h e deve lopmen t o f t h e shower-
Such a c a l c u l a t i o n has been c a r r i e d , o u t f o r a p r i m a r y p r o t o n o f a 
l6 
u n i q u e e n e r g y o f 9 x 10' eV, t h e p r i m a r y ene rgy b e i n g f o u n d f o r a 
v e r t i c a l shower t o be 160 x E.„,~ ( B a x t e r 1968'). A c c m r a r i s o n o f r a t e s 
w i t h t h e p r i m a r y e n e r g y s p e c t r u m o f B r a d t e t a l « (1966) w o u l d sugges t 
a f a c t o r o f 1^ -0, v a r y i n g somewhat w i t h e n e r g y . More e x t e n s i v e 
c a l c u l a t i o n s w i l l , be o f g r e a t i m p o r t a n c e i n e s t a b l i s h i n g t h e c l o s e 
c o n n e c t i o n b e t w e e n E a n d p r i m a r y e n e r g y s u g g e s t e d by S u r i (1966)--
F o r p u r p o s e s o f c o m p a r i n g c h a r a c t e r i s t i c s o f showers measu red a t 
Haverah B a r k w i t h r e s u l t s f r o m a r r a y s u s i n g o t h e r d e t e c t o r s , a 
c o n v e r s i o n o f E t o shower s i z e (JM ) w o u l d be u s e f u l - S u r i (1966 ) 
100 e 
has compared r a t e s o f a r r i v a l o f showers w i t h t h o s e f o u n d by 
D e l v a i l l e e t a l . . (1962) and he f i n d s :•-
N a E 1 , 1 9 5 
e 100 
W h i l e t h i s i s t r u e on a v e r a g e , t h e w i d e f l u c t u a t i o n s e x p e c t e d i n shower 
s i z e w i l l be a b s e n t f r o m E Thus e f f e c t s due t o f l u c t u a t i o n s w i l l 
l a r g e l y be a,bsent f r o m any v a r i a t i o n o f a p a r a m e t e r w i t h shower s i z e 
as used i n t h i s t h e s i s -
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2,-&3 The Durham a n a l y s i s o f showers 
The me thod u sed t o a n a l y s e t h e showers r e c o r d e d b y t h e s m a l l e r 
a r r a y s a n d seme o f t h e showers d e t e c t e d b y t h e 500 m a r r a y i s based 
on t h e me thod o f i n t e r s e c t i n g l o c i . A d e t a i l e d a c c o u n t o f t h e 
p r o c e d u r e i s g i v e n b y W a l t o n (1966). 
T h i s m e t h o d can be e x p r e s s e d a n a l y t i c a l l y i n v e r y s i m p l e t e r m s 
b y v i r t u e o f t h e power l a w s t r u c t u r e f u n c t i o n a n d t h e g e o m e t r y o f t h e 
a r r a y . I t can be shown t h a t t h e co re p o s i t i o n d e t e r m i n e d by t h i s 
f o r m u l a t i o n o f t h e m e t h o d i s l i a b l e t o e r r o r s due t o f l u c t u a t i o n s 
i n t h e l o w e s t o b s e r v e d d e n s i t y . However , such e r r o n e o u s a n a l y s e s 
p r o d u c e v e r y p o o r f i t s b e t w e e n e x p e c t e d a n d o b s e r v e d d e n s i t i e s a n d a r e 
t h u s r e j e c t e d . 
The r e s u l t s o f t h i s me thod o f a n a l y s i s f o r b o t h t h e 500 m a n d 
50 m a r r a y s have been checked a g a i n s t t h e r e s u l t s o f t h e more s o p h i s t i -
c a t e d me thod . The showers t r i g g e r i n g t h e 150 m a r r a y have o n l y been 
a n a l y s e d b y t h e s i m p l e r m e t h o d , b u t c o m p a r i s o n may be made f o r showers 
w h i c h t r i g g e r b o t h t h e 150 m a r r a y a n d one o f t h e o t h e r ( t w o a r r a y s 
w i t h t h e a n a l y s i s o f t h e d e n s i t i e s r e c o r d e d b y t h e o t h e r a r r a y . The 
c o r e l o c a t i o n f o r i n d i v i d u a l showers can f l u c t u a t e r a n d o m l y by a b o u t 
± 20$ f r o m t h e r e s u l t s o f t h e more a c c u r a t e a n a l y s i s , b u t on ave rage 
t h e t w o methods a g r e e . A c o m p a r i s o n o f t h e l a t e r a l d i s t r i b u t i o n s o f 
muons o f momentum g r e a t e r t h a n 1 GeV/c f o r 5^0 m showers o f s i z e 
7 7 
be tween 10 a n d 2 x 10 p a r t i c l e s w h i c h ( a ) have been a c c e p t e d f o r 
a n a l y s i s unde r t h e c r i t e r i o n m e n t i o n e d i n s e c t i o n 2-2 o r w h i c h 
( b ) have been r e j e c t e d on t h i s c r i t e r i o n c o n f i r m s t h a t t h e s i m p l e 
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method ag rees w i t h t h e Leeds a n a l y s i s , on a v e r a g e . 
The s i z e s o f t h e showers d e t e c t e d by t h e s m a l l a r r a y s have been 
computed u s i n g r e l a t i o n 2.1 where j ( r ) has been n o r m a l i z e d a f t e r 
L i l l i c r a p . The t i m i n g measurements have p r o v e d s u f f i c i e n t l y 
a c c u r a t e o n l y t o d i s t i n g u i s h v e r t i c a l and n o n - v e r t i c a l showers . F o r 
t h e s e showers t h e c o r e s o f t e n f a l l w i t h i n 100 m o f t h e a r r a y c e n t r e 
and t h e d i s p l a c e m e n t o f t h e s p e c t r o g r a p h f r o m "the c e n t r e o f t h e a r r a y 
becomes i m p o r t a n t . T h i s i s a l l o w e d f o r i n t h e a n a l y s i s o f t h e s e 
showers . 
2-3 E r r o r s i n t h e a n a l y s i s o f showers 
I n t h e p r e s e n t work s y s t e m a t i c a n d random e r r o r s i n a i r shower 
a n a l y s i s m u s t be c o n s i d e r e d c a r e f u l l y . The random e r r o r s o f c o r e 
l o c a t i o n a r e i m p o r t a n t t o t h e p r e s e n t w o r k a s i t has been p o i n t e d o u t 
b y many w o r k e r s t h a t such e r r o r s c o u l d , i f s u f f i c i e n t l y . l a r g e , cause 
s y s t e m a t i c h a r d e n i n g o f t h e momentum s p e c t r a o f muons a t v a r i o u s 
d i s t a n c e s f r o m t h e c o r e . The e r r o r s i n t h e d i r e c t i o n o f t h e shower 
a x i s a r e mos t i m p o r t a n t i n t h e s t u d y o f t h e d i r e c t i o n o f m o t i o n o f 
t h e muons w i t h i n t h e shower . 
2-3-1 S y s t e m a t i c e r r o r s i n c o r e l o c a t i o n 
F o r a shower f a l l i n g c l o s e r t o a d e t e c t o r i n t h e ^00 m a r r a y t h a n 
a b o u t 200 m t h e s t r a i g h t l i n e a p p r o x i m a t i o n t o j ( r ) w i l l f o r c e t h e 
computed c o r e l o c a t i o n away f r o m t h i s d e t e c t o r . The m a g n i t u d e o f 
t h i s e f f e c t v a r i e s f r o m z e r o a t 200 m f r o m t h e h u t t o 20 m a t 100 m. 
Showers f a l l i n g so n e a r one o f t h e o u t e r h u t s a r e u n l i k e l y t o be 
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d i s p l a c e d a l o n g a. l i n e f r c t n t h i s h u t t o t h e c e n t r a l d e t e c t o r a n d t h u s 
any s y s t e m a t i c e f f e c t w i l l be s m a l l compared t o t h e d i s t a n c e o f t h e 
co re t o t h e c e n t r e o f t h e a r r a y , w h i c h i s more t h a n 300 m f r o m t h e 
co re f o r such showers . T h i s e f f e c t o c c u r s mos t f r e q u e n t l y n e a r t h e 
c e n t r a l d e t e c t o r . 
A t d i s t a n c e s f r o m t h e c o r e l e s s t h a n 150 m, t h e muon momentum 
s p e c t r u m i s c h a n g i n g v e r y s l o w l y w i t h d i s t a n c e a n d t h u s t h e s p e c t r u m 
w i l l be u n a f f e c t e d b y t h i s e f f e c t . The l a t e r a l d i s t r i b u t i o n o f muons 
o f momentum above 1 GeV/c d e r i v e d u s i n g t h e ^00 m a r r a y w i l l , h o w e v e r , 
be a l t e r e d i n s i d e 200 m f r o m t h e c o r e a n d t h i s e f f e c t has been 
i n c l u d e d i n t h e a n a l y s i s ( C h a p t e r k). 
2-3«2 The a c c u r a c y o f co re l o c a t i o n 
B a x t e r (1967) h a s c a r r i e d o u t a v e r y d e t a i l e d a n a l y s i s o f t h e 
e r r o r s f o r t h e 500 m a r r a y . A sample o f a r t i f i c i a l showers w i t h 
random co re l o c a t i o n , a z i m u t h a n d shower s i z e was g e n e r a t e d . The 
p a r t i c l e numbers c o n t r i b u t i n g t o t h e Cherenkov r e sponse f r o m t h e muon 
a n d e l e c t r o n - p h o t o n components were a l l o w e d t o f l u c t u a t e i n a 
P o i s s o n i a n f a s h i o n a n d pie t o t a l Cherenkov r e sponse was t h e n s u b j e c t 
t o random ' e r r o r s i n m e a s u r e m e n t 1 . B a x t e r c o n c l u d e s t h a t f o r showers 
a t a z e n i t h a n g l e o f 20°, f a l l i n g n o t f u r t h e r t h a n 500 m f r o m t h e 
c e n t r e o f t h e a r r a y and n o t c l o s e r t h a n 150 m t o any o f t h e d e t e c t o r s 
t h e a c c u r a c y i s ± 0^ m. F o r showers f a l l i n g f u r t h e r f r o m t h e c e n t r e 
o f t h e a r r a y t h a n 500 m t h e e r r o r i s e x p e c t e d t o be much l a r g e r t h a n 
t h i s . 
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2-3.3 Core d i r e c t i o n a c c u r a c y 
B a x t e r i n c l u d e s i n h i s a n a l y s i s a t i m i n g u n c e r t a i n t y t o a l l o w f o r 
1:he s a m p l i n g o f p a r t i c l e s i n a . d i f f u s e shower f r o n t by. a d e t e c t o r o f 
f i n i t e a r e a . He e s t i m a t e s t h a t t h e u n c e r t a i n t i e s i n d e t e r m i n i n g 
z e n i t h ( 8 ) and a z i m u t h ( • ) a n g l e s a t z e n i t h a n g l e s a b o u t 20° a r e : -
aQ = 2 .2° , o 0 - 7 . 3 ° (2.3) 
These c a l c u l a t i o n s , w h i l e i n t e n d e d o n l y t o be a p p r o x i m a t e e s t i m a t e s , 
a r e i n f a c t c o m p a t i b l e w i t h t h e o b s e r v e d e r r o r s i n d e t e r m i n i n g t h e 
a n g u l a r s e p a r a t i o n o f t h e shower a x i s a n d muons. 
2-k Summary 
I t i s seen t h a t f o r showers d e t e c t e d b y t h e 500 m a r r a y a v e r y 
s o p h i s t i c a t e d a n a l y s i s p r o v i d e s r a t h e r a c c u r a t e e s t i m a t e s o f t h e c o r e 
l o c a t i o n , t h e shower s i z e a n d t h e d i r e c t i o n o f t h e a x i s . The e r rors^ 
i 
i n t h e c o r e l o c a t i o n a r e t o o s m a l l t o m a r k e d l y a f f e c t t h e measured 
muon momentum s p e c t r a . I n t h e case o f t h e s m a l l e r a r r a y s t h e co re 
l o c a t i o n , and hence t h e shower s i z e , can be d e t e r m i n e d t o some 
a c c u r a c y , w h i l s t t h e z e n i t h a n g l e o f t h e shower can o n l y be used t o 
d i s t i n g u i s h v e r t i c a l o r n o n - v e r t i c a l cases . 
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CHAPTER 3 
THE HAVERAH PARK MUON SPECTROGRAPH 
3-1 The s p e c t r o g r a p h 
The magnet s p e c t r o g r a p h used a t Have rah P a r k t o measure muons i n 
e x t e n s i v e a i r showers i s b r o a d l y s i m i l a r t o t h o s e d e v e l o p e d b y t h e 
Durham a n d N o t t i n g h a m g r o u p s ( e . g . B u l l e t a l . , 1965 a , A s h t o n a n d 
W o l f e n d a l e , 1963) a d a p t e d t o g i v e a h i g h e r a r e a a n d a w i d e r a n g l e 
f o r e f f i c i e n t a c c e p t a n c e o f a l o w f l u x o f a i r showers . These 
i n c r e a s e s i n a c c e p t a n c e n e c e s s a r i l y lea .d t o a r e d u c t i o n i n t h e 
r e s o l v i n g power o f t h e i n s t r u m e n t . The s p e c t r o g r a p h i s shown i n 
F i g u r e 3-1 a n d i s f u l l y d e s c r i b e d b y W a l t o n (1966), 
F o u r t r a y s o f v i s u a l d e t e c t o r s a r e s i t u a t e d i n p a . i r s above a n d 
b e l o w a s o l i d i r o n magne t , e n a b l i n g i n c i d e n t a n d emergen t d i r e c t i o n s 
t o be d e t e r m i n e d f o r p a r t i c l e s t r a v e r s i n g t h e magne t . The i n s t r u m e n t 
i s s h i e l d e d by 5 cm ° f l e a d t o r e d u c e t h e c o n t a m i n a t i o n o f t h e 
s p e c t r o g r a p h r e c o r d s b y e l e c t r o n s . The s p e c t r o g r a p h i s s i t u a t e d 
a d j a c e n t t o t h e c e n t r a l d e t e c t o r o f t h e 500 m a r r a y ( a t c o o r d i n a t e s 
x = -5 m a n d y = 10 m ) , w i t h t h e p l a n e i n w h i c h p r o j e c t e d a n g l e s can 
be measured o r i e n t e d p a r a l l e l t o t h e l i n e be tween d e t e c t o r s A l a n d A2 
o f t h i s a r r a y . 
3-1-1 D e s c r i p t i o n o f t h e magnet 
The s o l i d i r o n magnet i s i n t h e f o r m o f a r e c t a n g u l a r p i c t u r e 
f r a m e o f l o w c a r b o n s t e e l p l a t e s ^ w i t h t h e i n s i d e c o r n e r s o f t h e f r a m e 
r o u n d e d o f f t o e x t e n d t h e r e g i o n o f u n i f o r m m a g n e t i c f i e l d . The a r e a 
FIGURE 3 .1 
The H a v e r a h P a r k rauon s p e c t r o g r a p h . The d o t t e d 
l i n e s a c r o s s t h e magnet i n t h e s i d e v i e w 
i n d i c a t e t h e e x t e n t o f t h e u s a b l e vo lume o f 
m a g n e t i c f i e l d . 
FRONT ELEVATION SIDE ELEVATION 
L E A D 
7 Layers Ai 7 Layers 
* 3 4 Layers 4 Layers 
iee 
7 Layers 7 Layers 
/ 
J -40 -to 
Bi 7 Layers 7 Layers Ba 
B2 4 Layers 4 Layers B 2 
7 Layers Bi 7 Layers Bi 
SCALE 9. 2P 
cm. 
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p r e s e n t e d t o v e r t i c a l l y i n c i d e n t p a r t i c l e s i s 1.8 m . The magnet 
c o m p r i s e s 60 cm ( k j k c m ) t h i c k n e s s o f i r o n . The m a g n e t i s i n g 
f i e l d i s p r o d u c e d b y 325 t u r n s o f lh s. w. g . w i r e , on each a r m o f t h e 
magne t , t h e w i n d i n g s b e i n g c o n n e c t e d i n s e r i e s t o g i v e a t o t a l 
r e s i s t a n c e o f 10.7 ohmsv A c u r r e n t o f 13*9 amps, passes t h r o u g h t h e 
c o i l s , g i v i n g a n ave rage f i e l d o f lh.6 ± 0 . 1 k i l o g a u s s . T h i s f i e l d 
i s e f f e c t i v e l y c o n s t a n t o v e r a l l t h e r e g i o n used i n t h e d e f l e c t i o n 
o f p a r t i c l e s , t h e u n c e r t a i n t i e s b e i n g l a r g e l y due t o t h e l a c k o f 
u n i f o r m i t y i n t h e t h i c k n e s s e s o f t h e i r o n p l a t e s . H i e r i p p l e on 
t h e f i e l d i s l e s s t h a n 0.2$. 
3-1.2 The v i s u a l d e t e c t o r s 
The v i s u a l d e t e c t o r s u s e d i n t h e s p e c t r o g r a p h a r e f l a s h t u b e s 
o f i n t e r n a l d i a m e t e r 1.6 cm f i l l e d t o a p r e s s u r e o f 600 t o r r w i t h 
'98$ c o m m e r c i a l n e o n ' . They a r e i d e n t i c a l w i t h t h e 'EAS t u b e s ' 
d e v e l o p e d b y W o l f e n d a l e a n d c o - w o r k e r s ( C o x e l l 196l) . As i t i s 
n e c e s s a r y t o a l l o w t h e a i r shower a r r a y s t o comple te t h e i r r e c o r d i n g 
b e f o r e t h e h i g h v o l t a g e p u l s e i s a p p l i e d t o t h e f l a s h t u b e s , t h i s 
p u l s e i s d e l a y e d b y a p a s s i v e d e l a y o f 20 m i c r o s e c o n d s . The images 
o f t h e f l a s h t u b e s a r e r e c o r d e d on a s i n g l e f r a m e o f f a s t 35 nim f i l m . 
The t u b e s a r e l o c a t e d i n s i x t r a y s , t h r e e above a n d : t h r e e b e l o w 
t h e magne t . F o u r o f t h e s e t r a y s ( t h e 'momentum t r a y s ' , A ^ , A ^ , B ^ , 
B ^ ) c o n t a i n seven l a y e r s o f t u b e s each , a r r a n g e d n o r m a l t o t h e 
f r o n t v i e w o f t h e s p e c t r o g r a p h i n F i g u r e 3*1- T h i s p l a n e i s d e f i n e d 
a s t h e ' m e a s u r i n g p l a n e ' o f t h e s p e c t r o g r a p h a s i t f o r m s t h e p l a n e 
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o f t h e m a g n e t i c d e f l e c t i o n o f muons. W i t h i n each o f t h e s e t r a y s f o u r 
l a y e r s o f t u b e s a r e l o c a t e d i n a c c u r a t e l y m i l l e d d u r a l s u p p o r t s a n d 
t h e l o w e r t h r e e o f t h e s e l a y e r s each s e r v e s t o l o c a t e a n o t h e r l a y e r 
o f t u b e s . The t w o o u t e r t r a y s , A ^ a n d B ^ , c o n t a i n t u b e s o f l e n g t h 
200 cm w h i l e t h e i n n e r t r a y s , A , a n d B ^ , c o n t a i n 120 cm t u b e s . 
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H i e o t h e r t w o t r a y s ( t h e ' d i r e c t i o n t r a y s ' , A ^ a n d B ^ ) each 
c o n t a i n kOO t u b e s , 200 cm l o n g , a r r a n g e d i n t w o d o u b l e l a y e r s , 
skewed a t a n a n g l e o f 3^° t o t h e n o r m a l t o t h e m e a s u r i n g p l a n e . T h i s 
a r r a n g e m e n t , i n t e n d e d t o f a c i l i t a t e t h e assessment o f t h e d i s t a n c e o f 
a p a r t i c l e f r o m t h e f r o n t o f t h e s p e c t r o g r a p h i n t h e b a c k - f r o n t 
d i r e c t i o n a n d a s s i s t i n t h e c o r r e c t c o n n e c t i o n o f upper and l o w e r 
h a l f - t r a c k s i n events , where t w o o r more muons pas s t h r o u g h t h e a p p a r a t u s 
w i t h s m a l l p r o j e c t e d s e p a r a t i o n , has been f o u n d t o be o f l i m i t e d use-
f u l n e s s o n l y . 
The w a l l t h i c k n e s s o f a f l a s h t u b e i s 1 mm a n d t h e e l e c t r o d e s 
p l a c e d be tween each d o u b l e l a y e r o f t u b e s a r e made o f 2k gauge 
a l u m i n i u m s h e e t . Thus t h e amount o f m a t t e r p r e s e n t e d t o a p a r t i c l e 
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b y t h e . v i s u a l d e t e c t o r s i s a b o u t 25 gm cm ; b y c o m p a r i s o n w i t h t h e 
magne t , t h e t r a y s g i v e r i s e t o a n e g l i g i b l e degree o f Coulomb s c a t t e r i n g . 
The p o l a r a n g l e o f l i g h t e m i t t e d b y t h e t u b e s i s v e r y n a r r o w , 
d e c r e a s i n g f o r l o n g e r t u b e s ( C o x e l l e t a l . , 196l ) . Thus i t i s i m p o r t a n t 
t h a t t h e l i g h t p a t h l e n g t h i s as l o n g as p o s s i b l e t o dec rease t h e a n g l e 
sub t ended b y t h e e x t r e m e c o r n e r s o f t h e t r a y s a t t h e camera , e n a b l i n g 
l i g h £ f r o m t u b e s i n t h e s e p o r t i o n s o f t h e s p e c t r o g r a p h t o be r e c o r d e d . 
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The l i g h t p a t h i s i n f a c t 40 f t . l o n g , g i v i n g a n a n g l e o f n e a r l y 6 
and hence l e a d i n g t o some f a l l i n t h e i n t e n s i t y o f t h e images o f 
these^ f l a s h t u b e s on t h e r e c o r d i n g f i l m . T h i s e f f e c t must be t a k e n 
i n t o a c c o u n t i n d e t e r m i n i n g t h e accep t ance f u n c t i o n o f t h e i n s t r u m e n t . 
3-1.3 The a c c e p t a n c e f u n c t i o n o f .the s p e c t r o g r a p h 
Muons have a p r o b a b i l i t y o f t r a v e r s i n g a l l f o u r momentum t r a y s 
o f f l a s h t u b e s a n d t h e s e n s i t i v e v o l u m e o f . t h e magnet w h i c h depends 
on t h e i r i n c i d e n t d i r e c t i o n a n d t h e i r d e f l e c t i o n i n t h e magne t . 
T h i s v a r i a t i o n i n p r o b a b i l i t y , t h e a c c e p t a n c e o f t h e s p e c t r o g r a p h , 
has been d e t e r m i n e d a s a f u n c t i o n o f t h e i n c i d e n t d i r e c t i o n both, i n 
t h e m e a s u r i n g p l a n e ) a n d n o r m a l t o t h i s p l a n e (QQ) a n d t h e 
d e f l e c t i o n i n t h e m e a s u r i n g p l a n e (Ai|r). 
The a c c e p t a n c e f u n c t i o n , , i n "the m e a s u r i n g p l a n e a n d 
t h e a c c e p t a n c e i n t h e b a c k - f r o n t p l a n e , B ( * q ) , a r e shown i n F i g u r e 3-2. 
B ( * ) has b e e n e v a l u a t e d n e g l e c t i n g any . d e f l e c t i o n i n t h e b a c k - f r o n t 
p l a n e . The e f f e c t s o f t h i s s i m p l i f i c a t i o n have been e s t i m a t e d t o 
i n c l u d e a 5$ r i s e i n muon d e n s i t i e s a.t 1 G e V / c , a Vjo r i s e a t 10 GeV/c 
a n d no change a t 100 G e V / c The f u n c t i o n s A ( \ | f Q , A\|r) a n d B ( * Q ) niay 
be combined t o g i v e t h e p r o b a b i l i t y o f a c c e p t a n c e o f a muon i n c i d e n t 
w i t h any z e n i t h and a z i m u t h a n g l e s ( 9 , * ) a n d h a v i n g d e f l e c t i o n o f 
a b s o l u t e v a l u e Ai|r. The v a r i a t i o n o f t h i s p r o b a b i l i t y w i t h 8 and 4> 
f o r one v a l u e o f d e f l e c t i o n i s shown i n F i g u r e 3*2. 
As m e n t i o n e d i n s e c t i o n 3-1-2, t h e i n t e n s i t y o f l i g h t f r o m t h e 
neon f l a s h t u b e s depends on t h e a n g l e t o t h e i r a x i s a t w h i c h t h e y a r e 
FIGURE 3.2 
The a c c e p t a n c e f u n c t i o n o f t h e s p e c t r o g r a p h 
i n t h e m e a s u r i n g p l a n e a n d t h e b a c k - f r o n t -
p l a n e (A a n d B ) . 
The p r o b a b i l i t y o f a c c e p t a n c e o f muons o f z e r o 
d e f l e c t i o n as a f u n c t i o n o f z e n i t h a n d a z i m u t h 
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v i e w e d . As a consequence o f t h i s t h e e f f i c i e n c y o f t h e v i s u a . l 
d e t e c t o r s i s e x p e c t e d t o f a l l t o w a r d s t h e c o r n e r s o f t h e t r a y s . T h i s 
e f f e c t h a s been examined i n t h e t w o momentum t r a y s above t h e magnet 
a n d t h e mean number o f t u b e s o b s e r v e d i n a t r a c k c r o s s i n g a t r a y f a l l s 
f r o m f i v e a t t h e c e n t r e t o t h r e e a t t h e c o r n e r s o f t h e t r a y s , The re 
i s o n l y a s m a l l p r o b a b i l i t y t h a t a t r a c k w i l l pa,ss t h rough , i n e f f i c i e n t 
r e g i o n s i n b o t h o f t h e s e t r a y s a n d a c a r e f u l check i s made on t h e 
s l i g h t e s t s u s p i c i o n t h a t a t r a c k may be p r e s e n t * Thus any e f f e c t on 
t h e s p e c t r u m w i l l be r e d u c e d c o n s i d e r a b l y , a n d t h e r e i s a v e r y 
m a r g i n a l e f f e c t even u n d e r t h e a s s u m p t i o n t h a t t h e chance o f s e l e c t i n g 
a t r a c k i s p r o p o r t i o n a l t o t h e number o f f l a s h e d t u b e s c o n s t i t u t i n g 
i t . 
5 - 1 * ^ S p e c t r o g r a p h measurements 
The f l a s h t u b e t r a y s c o n t a i n neon f l a s h t u b e s moun ted i n t w o 
d i s t i n c t f a s h i o n s . A b o u t 60$ o f a l l t h e t u b e s a r e l o c a t e d i n 
a c c u r a t e l y m a c h i n e d g r o o v e s i n d u r a l s u p p o r t s , e n a b l i n g t h e i r p o s i t i o n s 
t o be d e t e r m i n e d t o w i t h i n 0.2 mm. The r e s t o f t h e t u b e s l i e on t h e s e 
t u b e s a n d a r e t h u s l e s s a c c u r a t e l y l o c a t e d , due t o v a r i a t i o n s i n t h e 
d i a m e t e r s o f t h e l o w e r t u b e s . Measurements have been made o f t h e 
h o r i z o n t a l p o s i t i o n s o f c e r t a i n key. f l a s h t u b e s i n each t r a y r e f e r r e d 
t o a v e r t i c a l p l a n e d e f i n e d b y f o u r p lumb l i n e s a t one s i d e o f t h e 
magne t , and t h e v e r t i c a l p o s i t i o n s o f t h e t r a y s . 
The t u b e a l i g n m e n t p r o c e d u r e and t h e absence o f any t i l t i n g o f 
t h e s p e c t r o g r a p h o v e r t h e p e r i o d o f o p e r a t i o n may be checked by a n 
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examination of the d i s t r i b u t i o n of incident di rect ions of muons- No 
asymmetry i n t h i s d i s t r i b u t i o n has been found, g iv ing confidence on 
these two points . 
3-2 The treatment of the data 
3-2=1 The selection procedure 
The spectrograph i s t r iggered whenever an a i r shower i s recorded 
and the neon f l a s h tubes are photographed on a single frame of 35 111111 
f i l m . The f i l m is subsequently scanned v i s u a l l y f o r tracks above and 
below the magnet which appear l i k e l y t o intersect . The selected 
frames are then re-projected and the f l a s h tube images ma.rked on a 
scale drawing of the spectrograph. A f u r t h e r v i s u a l examination of 
these drawn events i s carr ied out to eliminate those events i n which 
the ' h a l f - t r a c k s 1 above and below the magnet w i l l obviously not 
in tersect , and those i n which the p a r t i c l e traverses the sides of the 
sensit ive volume of the magnet. Any doubt fu l 'events' are passed on 
to the next stage of the analysis. A t y p i c a l drawn event containing 
one useful muon and a muon which has p a r t i a l l y ' passed through the 
magnet i s shown i n Figure 3«3« 
3-2.2 The simulation of the p a r t i c l e t r a j e c t o r y 
The selected events are 's imulated' on an 8/10 scale drawing of 
the two arms of the spectrograph. The tubes which have f lashed are 
marked and the most probable t r a j e c t o r y f o r the p a r t i c l e i s estimated, 
making allowance f o r the v a r i a t i o n i n f l a s h i n g p robab i l i t y wi th the 
FIGURE 3-3 
A drawn-out event, showing a t y p i c a l low 
de f l ec t ion muon. 
I 
t o O 
A 7 3 3 
o v \ o 
^ '-V'- /•'•'•. ^ 
rxto TRiCr 5 0 0 1 \ 
N A a 
1. II-1 
H + r. 30<tm f.AS 
e 13' «' 
663631 i < ? 0 * Wlm 
X - 3 1 7 i f 
O . I O 
Y 
28 
pos i t ion of the t rack across the tube diameter* Whilst t h i s method 
of simulation i s necessarily somewhat subjective; an attempt to 
replace i t by more object ive computer based methods has not met with 
great success (Maslin, G-C. , pr ivate communication), because of two 
basic d i f f i c u l t i e s -
(1) Comparisons of hand and computer simulations of the same 
events show that the two methods are not i n serious discord f o r 
momenta below about y of the m.d.m-, when the computer f i n d s a 
Gaussian f i t to the posi t ions of the flashed tubes- But f o r higher 
momenta the resul ts are c r i t i c a l l y a f f ec t ed by the v a r i a t i o n across 
the tube diameter of the p r o b a b i l i t y of f l a sh ing assumed i n the 
computer analysis. This p r o b a b i l i t y func t ion must be established wi th 
the same precis ion as the spectrum under analysis. A f u r t h e r d i f f i c u l t y 
is that the p r o b a b i l i t y func t ion i m p l i c i t l y used i n the hand simulation 
i s non-analytic, i n tha t a non-flashed tube i s ignored i f the weight 
of evidence from the f lashed tubes dictate's a l i n e passing through i t , 
(2) In the case of a i r shower events the accompaniment to the 
muon may be large, and i s c lear ly correlated t o both muon energy and 
distance from the shower core. The computer i s therefore at present 
unable t o analyse the complex pictures obtained i n a time commensurate 
wi th analysis by a s k i l l e d observer. 
5-2.3 The determination of the angles of the t rack 
The drawings of the spectrograph arms used i n the simulation 
process have measuring levels set 28 inches apart , outside the two 
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f l a s h tube trays. The coordinates of the best estimates of the two 
ha l f - t racks may be read on these scales to ± 0-05 inches. These 
coordinates are then analysed by a computer programme which calculates 
the incident angle and de f l ec t ion of the muon, i t s e l e c t r i c charge 
and tests viae the r the in tersect ion of the two ha l f - t r acks could take 
place w i t h i n the l i m i t s of the magnetic cross-section- rfhe errors i n 
determining the angles of the two ha l f - t r acks cause the in tersect ion 
point t o be uncertain* I f the uncertainty i n the height of in t e r -
section of a high energy muon (de f l ec t i on less than 2°) corresponding 
to one standard deviat ion of these errors extends w i t h i n the magnet 
volume, the t rack i s accepted. Muons which, pass through the 
sides of the magnet cross-section are rejected. 
3-5 Spectrograph noise 
A knowledge of the error i n the measured de f l ec t ion of a muon 
due t o the inherent errors of the -track-f i t t i n g procedure is v i t a l to 
the determination of the momentum spectrum of the muons from the 
def lec t ions . The 'noise ' has been determined by seveial d i f f e r e n t 
methods which are treated i n d e t a i l by Walton (1966). Here only a 
summary w i l l be presented, together w i t h de ta i l s of recent improvements-
3-3?l The repeated assessments of angle 
From a consideration of the accuracy wi th which ha l f - t r acks can 
be simulated a value of the error i n the de f l ec t ion of (0. 256 ± 0.03.7)° 
was found. 
As a check upon th i s procedure 2h t racks, each of de f l ec t ion 
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less than 1 , were simulated f i v e times, without the knowledge of 
the operative. The high average momentum of these p a r t i c l e s w i l l . 
minimise scat ter ing i n the trays. From these measurements, the 
standard deviation of the er ror i n the de f l ec t i on was found to be 
(0.25 ± 0 .03)° . 
3-J.2 Muons which traverse the magnet hole 
For events recorded i n a i r showers 67 muons passing through the 
magnet hole were selected, using information from the d i r ec t ion 
trays t o re jec t muons l i k e l y to have struck the magnet i ron . These 
muons were simulated and the resul tant d i s t r i b u t i o n i n de f l ec t ion 
2 
was f i t t e d by a Gaussian d i s t r i b u t i o n , using a X minimization 
procedure. The value of the noise so determined was (O.325 ± 0.033)°* 
3-3'5 The in t e rp re t a t ion of £ y 
The computer programme by which the angles of the two ha l f - t r acks 
are calculated also gives the l inea r separation of the two ha l f - t r acks 
when extrapolated t o the mid-plane of the magnet, a quantity s i g n i f i e d 
as A/ m * ^ o r high energy muons t h i s separation should r e f l e c t the 
spectrograph noise. 
For muons of de f l ec t i on less than 0 ,72° the d i s t r i b u t i o n of Ay 
m 
can be f i t t e d f o r Ay less than 12 mm by a Gaussian curve of standard 
deviation 6 mm- However, muons of low momenta scattered' to small 
def lect ions t y p i c a l l y have large values of &ym> and thus the 
observed numbers of p a r t i c l e s a t Ay greater than 12 mm arc greater 
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than the numbers predicted by th i s Gaussian curve. The standard 
o 
deviation of b mm leads t o an estimate of simulation error of 0-32 , 
•when allowance is made .for the scat ter ing of high energy pa r t i c l e s . 
3-3* '-i- The ' n o - f i e l d ' t racks 
Many previous workers have analysed the def lec t ions of muons 
by the magnet i n the absence of any magnetic f i e l d to estimate the 
t r a c k - f i t t i n g errors i n t h e i r experiments. The t o t a l width of the 
observed d i s t r i b u t i o n of def lec t ions is compounded quadrat ical ly of 
Coulomb scat ter ing i n the magnet i r on and the errors i n t rack 
loca t ion . The method is not very r e l i a b l e because the cont r ibu t ion 
of the errors t o the t o t a l width i s not large. 
The spectrograph was t r iggered on unaccompanied unions p r i o r t o 
switching on the magnetic f i e l d and the analysis of the data gives 
an estimate of the simulation error i n agreement wi th the resu l t s of 
the other methods* 
5"^ " -the Performance of the spectrograph 
For muons incident w i th a d i s t r i b u t i o n of zenith angles s imi la r 
t o tha t observed at Haverah Park, the mean energy required t o 
penetrate the magnet and the lead shielding i s 9 ^ MeV (Sternheimer 
1959)* Muons of energy less than about 1.1 GeV are, however, 
prevented by the magnetic f i e l d from emerging from the volume of the 
magnet. Thus the lowest detectable momentum is about 1.1 GeV/c. 
The signal to noise r a t i o defined as the r a t i o of the magnetic 
de f l ec t ion of a muon to the r. m.-s. angle of Coulomb scat ter ing f o r 
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t h i s muon i s approximately three. An indica t ion of the range of 
momentum measurable by the spectrograph i s given by the maximum 
detectable momentum (m.d.m. ) which may be defined as the momentum 
f o r which a v e r t i c a l l y incident muon is magnetically def lected by an 
amount equal to the noise of the instrument. The noise is a 
combination of the scat ter ing i n the magnet i r on and the errors i n 
measurement of the incident and emergent a,ngles. Since the noise of 
the instrument i s about 0 .3° , the m. d.m. i s about 60 GeV/c. 
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CHAPTER jj-
THE LATERAL DENSITY DISTRIBUTION OF MUOHS 
U " > lGeV7cr*T""'3Y""4N ABSORPTION TECHNIQUE 
k~ i Introduct i 0:1 
The treatment of the magnetic def lec t ions of the unions only y ie lds 
the shapes of the momentum spectra, a t various distances from the. core-
Noiaializati.on of these shapes to a known absolute density a t some 
f i x e d momentum would enable the inuon densit ies f o r various momenta to 
be derived, such densit ies being then d i r e c t l y comparable wi th 
t heo re t i ca l ly predicted values-
For t h i s reason an analysis has been made of the number of muons 
t ravers ing the f l a sh tube tray B^, immediately under the ma.gnet iron* 
The showers examined had zenith angles less than i|0°, as t h i s angle 
is approximately the l i m i t beyond which pa r t i c l e s cannot use fu l ly pass 
through the spectrograph,and also because the v a r i a t i o n in. depth of 
atmosphere penetrat-ad by shower:--- of such a. range of zenith angle i s 
rather res t r i c ted- The method of analysis fo l lows that described by 
Al l an et ale (1966). 
"^"2 The sensitive area of the detector 
The use of the same instrument to measure densities and momentum 
spectra o f f e r s great advantages? as the threshold energy for- muon 
number determination is closely s imi lar to that imposed on the momentum 
measurements. Muons which have traversed only a por t ion of the thickne 
3^ 
of the magnet due t o the i n c l i n a t i o n .and pos i t i on of t he i r tracks 
must not be included. Ares.5 of the f l a s h tube t ray which could 
be tmvf-.-:v--d t,y an ujidef3.ected muon which had passed through a depth 
of i ron i i * • he projected plane at least equal, to the v e r t i c a l 
thickness of the magnet,were found geometrically f o r four projected 
incident d i rec t ions (5°; 15°.. 25°, 3 5 ° ) , the centres of the four 
ce l l s of incident d i r ec t i on used i n the analysis . The areas of 
these port ions of the trays were then corrected to give the areas 
perpendicular to the incident d i r ec t i on of the shower projected in to 
the measuring plane of the spectrograph. 
These areas, shown i n the second column of Table l^must be 
corrected f o r two e f f e c t s , de ta i l s of which are given below. The 
f i n a l column of Table k-1 shows the areas corrected f o r these two 
e f f ec t s . 
k- 2. .1 The back-front correct ion 
The corrections f o r t h i s e f f e c t d i f f e r from 'the back-front 
acceptance corrections f o r the der iva t ion of momentum spectra as 
there i s no necessity i n the analysis of densit ies f o r the muons t o 
pass through the magnetized volume of the i ron- A study of Figure 
3-1 w i l l show that i n the back-front plane the magnet overhangs 
t ray B, s u f f i c i e n t l y t o reduce the necessary correct ion t o cos (* 0 )» 
The incident d i rec t ions in. both, the measuring plane (ty 0) and 
the back-front plane (* ) corresponding to each point of a matr ix 
TABLE k.l 
AKEAS FOR DENSITY DETERMINATION 
Inc ident 
d i r ec t ion 
Uncorrected 
areas (m ; 
Back-front 
correction f ac to r 
Acceptance 
fac to r 
Fina.lg 
areas (m ) 
5° 1.692 0.886 O.989 1. kQ2 
15° 1. kk2 0.911 1.000 1.315 
1.165 0.952 1.000 1.083 
35° 0= 907 0. 976 1.000 0.885 
of zenith angle and azimuth (spaced by 5 i n zenith a.nd 10 i n azimuth) 
vera computed. Those points of the matr ix wi th ^ w i t h i n one of the 
ce l l s used were grouped together and the mean correct ion to the area 
appropriate to t h i s c e l l was found from the corresponding values of * o < . 
Each point was weighted according t o the observed zenith angle d i s t r i -
but ion of a i r showers, aziiuuthal symmetry being assumed. Each of the 
ce l l s of incident d i r ec t ion was treated i n t h i s way, g iv ing the 
resul ts i n Table k.l, 
k-2*2 The acceptance correct ion 
Hie magnetic f i e l d w i l l de f lec t pa r t i c l e s both in to and out of the 
areas defined above. For the four incident di rect ions t h i s acceptance 
was investigated as a f unc t i on of de f l ec t ion , using an analogue method. 
To be accepted a track must enter the t ray B^ wi th in the areas defined 
f o r the value of i|r i n question- Except f o r large def lec t ions a t the 
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lowest value of \|r the p r o b a b i l i t y of detection d i d not change wi th 
de f lec t ion . To obtain an average correct ion f ac to r the p r o b a b i l i t i e s 
f o r various def lec t ions must be weighted i n accordance wi th the 
chance of such a d e f l e c t i o n occurring. This l a t t e r p r o b a b i l i t y was 
found by unfolding the acceptance used i n measurements of de f l ec t i on 
(section 3 - l»3) from the observed de f l ec t ion spectra* Using the 
de f l ec t ion spectrum observed in a l l . the events recorded i n showers 
t r igger ing the 500 m array there i s only a Vp change i n the area 
f o r the lowest t , • , o 
The v a r i a t i o n of the def lec t ion spectrum wi th distance from the 
shower core, which w i l l lead to a decrease i n t h i s correct ion f o r 
distances less than about 300 m and an increase above t h i s distance, 
has been neglected* Also i t i s possible f o r muons included i n the 
density measurements to penetrate none or a part only of the 
'magnetized volume', when the def lec t ions i n the measuring plane 
w i l l be less than f o r muons penetrating the f u l l depth of the f i e l d * 
The correct ion given above w i l l decrease f o r these muons. Averaged 
over a l l Incident d i rect ions t h i s i s a very small e f f e c t indeed and 
thus these small errors i n t h i s treatment may be neglected. 
4-3* The analysis of the data 
Spectrograph, records f o r showers w i t h zenith angles less than 
k0° were examined and the mean projected incident angle of the 
pa r t i c l e s observed i n the upper part of the spectrograph was estimated. 
I n those events i n which the f l a sh tubes above the magnet were 
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saturated,the angle of incidence was determined by the a.ngle of the 
electrons at the side, of the magnet i n the lower h a l f of the 
spectrograph. The number of muons passing through the area appropriate 
to t h i s mean angle was then determined. This caused l i t t l e 
d i f f i c u l t y except in -chose cases where an in terac t ion occurs i n the 
i ron producing a burst i n the v i s u a l detectors below the magnet- I n 
such cases, i f the p ic ture i s otherwise unambiguous and i f the burst 
appears un l ike ly to obscure another muon, the data f o r the event i s 
recorded wi th one muon .at t r ibuted to the burst . In some few cases 
the event cannot, be interpreted, due e i the r to obscuration by a burst 
or t o a very great density of penetrating p a r t i c l e s : such occurrences 
are noted. 
This procedure i s subjective to some degree, but the ma jo r i ty 
of events are quite unambiguous, leaving only a small f r a c t i o n where 
observer bias may .affect the resul ts- Two checks suggest that t h i s 
bias i s acceptable. Three separate batches of data of equivalent 
size were read at widely separated times and the mean number of muons 
observed per frame was found to be the same f o r a l l three batches. 
On two occasions the same data was scanned by two independent observers 
to check t h i s s u b j e c t i v i t y and i n both cases no dif ference was found. 
I t i s of in teres t t o note the rate of detection of muons by the 
spectrographs 'table k,. 2 shows the mean numbers of muons seen i n the 
spectrograph i n showers t r iggered by ea.ch of the arrays-
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The accumulated data f o r many showers have been subdivided in to 
in te rva l s of size and distance- Those in te rva l s containing 
indecipherable events of the kinds mentioned above have not been 
used,in order to avoid wrongly est imating the muon densities- Four 
estimates of the muon density (A ) are avai lable i n each of these 
in t e rva l s , one from each of the f o u r ce l l s of incident d i r ec t i on 
used. I f each of these estimates i s weighted according to the 
number of events included i n i t , we can wr i t e 
where A i s the area appropriate to the i t h c e l l of incident 
d i r ec t i on , and u. i s the t o t a l number of mnons observed in that area 
i n n^ showers. Tne errors quoted are standard errors on the mean of 
a Poisson d i s t r i b u t i o n and f o r very small samples are replaced, by the 
Poisson f i d u c i a l l i m i t s (Regener 1951)• 
FIGURE 4, I 
A comparison of an observed d i s t r i b u t i o n 
of numbers of muons and tha t predicted 







Number of muons 
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The a s s u m p t i o n t h a t the numbers o f muons a r e d i s t r i b u t e d a c c o r d i n g 
t o P o i s s o n s t a t i s t i c s ha s been examined f o r a l l t h o s e i n t e r v a l s o f s i z e 
and d i s t a n c e w h i c h c o n t a i n more t h a n 3.00 showers . I n a l l cases t h e 
f r e q u e n c y d i s t r i b u t i o n o f t h e numbers o f muons i s c o n s i s t e n t w i t h a 
P o i s s o n d i s t r l b u t i o r . o f mean e q u a l t o t h a t d e t e r m i n e d u s i n g e q u a t i o n 
l + , L A t y p i c a l c o m p a r i s o n o f o b s e r v e d e v e n t s w i t h t h e p r e d i c t e d 
d i s t r i b u t i o n i s shown ±-i F i g u r e k> 1. 
k-k. The l a t e r a l d e n s i t y d i s t r i b u t i o n o f muons 
Data, have been o b t a i n e d f r o m a l l t h r e e a r r a y s , t h e d i f f e r e n t s i z e 
and d i s t a n c e r a n g e s c o v e r e d b y t h e d i f f e r e n t a r r a y s o v e r l a p p i n g t o 
some e x t e n t - t h u s p r o v i d i n g c h e c k s o f t h e c o n s i s t e n c y o f the r e s u l t s 
d e r i v e d f r o m each o f t h e a r r a y s . The r e s u l t s a r e summarized i n 
F i g u r e s k-2 t o k<,k- a n d o n l y t h e mos t i m p o r t a n t f e a t u r e s w i l l be 
d i s c u s s e d . 
The f u n c t i o n • f ( J l ( r ) d e s c r i b i n g t h e l a t e r a l d i s t r i b u t i o n o f muons 
o f momentum g r e a t e r t h a n 1 GeV/c a b o u t t h e shower c o r e does n o t v a r y 
w i t h shower s i z e . T h i s f u n c t i o n a p p e a r s , t o a s u f f i c i e n t l y c l o s e 
a p p r o x i m a t i o n , t o be i d e n t i c a l i n shape t o t h a t deduced b y G r e i s e n 
(1960) f o r muons o f e n e r g y above 1 GeV: -
f . ( r , > 1 G e V / c ) a r " ° * 7 5 ( l + r / . 3 2 0 r 2 ' 5 ( I t - 2 ) 
M 
The l a t e r a l d i s t r i b u t i o n s f o r t h r e e d i f f e r e n t i n t e r v a l s o f shower s i z e 
f o r d a t a f r o m t h e 500 m a r r a y a r e shown i n F i g u r e compared w i t h 
t h e above f u n c t i o n n o r m a l i z e d t o f i t t h e d a t a . S i m i l a r agreement a t 
FIGURE k.2 
The l a t e r a l d i s t r i b u t i o n o f maons o f 
momentum g r e a t e r t h a n 1 GeV/c i n t h r e e 
d i f f e r e n t r a n g e s o f shower s i z e . 
! 
2x10^N<4xl07 1x10'* N< 2x10 
\ \ \ 
• ' i i U . i U 
200 1000 200 1000 200 1000 
Lateral distance from core(M) 
FIGURE h.J 
The v a r i a t i o n w i t h shower s i z e o f t h e muon d e n s i t y 
above 1 GeV/c a t 50° m f r o m t h e shower c o r e . 
The s t r a i g h t l i n e w h i c h i s t h e b e s t f i t t o t h e 









t h e r e l e v a n t d i s t a n c e s i s f o u n d f o r a l l o t h e r i n t e r v a l s o f shower s i z e , 
w i t h i n t h e s t a t i s t i c a l l i m i t a t i o n s o f t h e d a t e . 
F o r the d a t a f r o m each o f t h e a r r a y s t h e v a r i a t i o n o f muon d e n s i t y 
w i t h shower s i z e can be e s t i m a t e d by p l o t t i n g t h e d e n s i t y a t some 
d i s t a n c e i n t h e m i d d l e o f t h e r a n g e c o v e r e d b y t h e a r r a y a s a. f u n c t i o n 
o f shower s i z e . The d i s t a n c e s chosen f o r t h e t h r e e a r r a y s a.re 30 m, 
100 in, and 300 m, f o r t h e 50 m, 150 m and. 500 m a r r a y s r e s p e c t i v e l y t 
These r e l a t i o n s a r e s . l l s i m i l a r w i t h i n t h e e r r o r s t o a. power l a w o f 
exponen t a b o u t 0.8... I f t h e l a t e r a l s t r u c t u r e f u n c t i o n i s assumed 
c o n s t a n t a n d u n c h a n g i n g w i t h shower s i z e , n o r m a l i z a t i o n o f t h i s 
f u n c t i o n t o f i t t h e d a t a i n each o f the. i n t e r v a l s o f s i z e , u s i n g a 
l e a s t squares f i t t i n g p r o c e d u r e , e n a b l e s t h e d e n s i t i e s o f muons a t 
300 m f r o m t h e c o r e f o r showers o f t h e ave rage s i z e s o f t h e v a r i o u s 
i n t e r v a l s t o be e s t i m a t e d . The v a r i a t i o n w i t h s i z e o f t h e muon 
d e n s i t y a t 300 m f r o m t h e c o r e i s shown i n F i g u r e k.J, The f r a c t i o n a l 
e r r o r s on t h e mean d e n s i t i e s a t 300 m have been f o u n d as t h e s t a n d a r d 
e r r o r s o f t h e d i s t r i b u t i o n of t h e r a t i o o f o b s e r v e d d e n s i t y t o t h a t 
p r e d i c t e d b y t h e n o r m a l i z e d f ( r ) . I t can be seen t h a t no s i g n i f i c a n t 
d e p a r t u r e f r o m t h e r e l a t i o n 
A (300 m, > 1 G e V / c ) a H ° " ? 8 ± ° " ° 5 ( k , 3 ) 
k 8 
i s o b s e r v a b l e , o v e r a r a n g e o f s i z e f r o m 8. 75 x 10 t o 2.6 x 10 
p a r t i c l e s . The e r r o r s on t h e e x p o n e n t a r e t h o s e i n v o l v e d i n f i t t i n g 
a s t r a i g h t l i n e t o e x p e r i m e n t a l d a t a u s i n g a l e a s t squa res p r o c e d u r e . . 
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FIGURE k.k 
The l a t e r a l d i s t r i b u t i o n o f nmons o f 
momentum g r e a t e r t h a n 1 GeV/ c . i n a shower 
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o f s i z e 2 x 10 ' . 
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k2 
s u b d i v i s i o n o f t h e d a t a t o examine, t h e v a r i a t i o n w i t h z e n i t h a n g l e o f 
t h e l a t e r a l d i s t r i b u t i o n i s p o s s i b l e . 
The d a t a were d i v i d e d i n t o t w o s e t s , one f o r z e n i t h a n g l e s above 
and t h e o t h e r f o r t hose b e l o w 20°. The d e n s i t i e s a t a g i v e n d i s t a n c e , 
n o r m a l i z e d t o a s i z e o f 2 x 10^ f o r t h e l a r g e r z e n i t h axigle e v e n t s 
were f o u n d t o be s y s t e m a t i c a l l y 25% h i g h e r t h a n f o r t h e l o w e r a n g l e s , 
a l t h o u g h t h e d e n s i t i e s were n o t sepa , ra ted by more t h a n one s t a n d a r d 
e r r o r * The l a t e r a l d i s t r i b u t i o n s c o u l d b o t h be f i t t e d q u i t e w e l l 
o v e r t h e d i s t a n c e r ange a v a i l a b l e t o s t u d y b y t h e f o r m o f f ( r ) g i v e n i n 
e q u a t i o n k- 2. 
F o r t h e t o t a l 500 in d a t a f o r showers o f z e n i t h a n g l e l e s s t h a n 
liQ? i t may be r e m a r k e d t h a t f o r a l l t h e i n t e r v a l s of shower s i z e 
above 2 x 10^, t h e mean z e n i t h a n g l e re.ma.ins c o n s t a n t a t a b o u t 21° s 
Tne mean z e n i t h a n g l e i n c r e a s e s f o r t h e two i n t e r v a l s a t s m a l l e r 
s i z e , b e i n g 25° f o r t h e i n t e r v a l o f mean s i z e ±.,k x 10^ a n d 31° f o r 
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t h a t o f mean o.O x 10 . F r a n t h e above c o n c l u s i o n s on t h e v a r i a t i o n 
o f muon d e n s i t y w i t h z e n i t h a n g l e i t a p p e a r s t h a t t h i s w i l l cause a 
s l i g h t f l a t t e n i n g o f -the p l o t o f t h e muon d e n s i t y a t J00 m f r o m t h e 
co re a g a i n s t shower s i z e i n t h i s r e g i o n o f s i z e . The measured 
exponen t o f t h e v a r i a t i o n o f w i t h "N f o r t h e 5°0 n i- d a t a i s 0«75, 
and when c o r r e c t e d f o r t h i s e f f e c t t h i s becomes 0. 77- The a p p r o p r i a t e 
p o i n t s p l o t t e d i n F i g u r e k.~5 have n o t been c o r r e c t e d f o r t h i s 
e f f e c t . 
k-5 D i s c u s s i o n o f t h e r e s u l t s 
A t a l l d i s t a n c e s f r o m t h e c o r e t h e l a t e r a l d i s t r i b u t i o n o f muons 
o f e n e r g y a.bove a.bout .1 Gev i s i n good agreement w i t h o t h e r measurements 
( C l a r k e t a l . , 1958.. A b r o s i m o v e t a l . . 19°0, etc. . ) . However , t h e 
d e n s i t i e s o f muons f o u n d i n the p r e s e n t w o r k f o r a shower o f g i v e n 
s i z e a r e g r e a t e r t h a n t h o s e g i v e n f o r a shower o f s i m i l a r s i z e 
b y t h e f o r m u l a o f G r e i s e n ( I 9 6 O ) , w h i c h i s b a s e d upon t h e r e s u l t s o f 
C l a r k . A c o m p a r i s o n o f t h e l a t e r a l d i s t r i b u t i o n f o u n d i n t h e p r e s e n t 
e x p e r i m e n t w i t h t h a t measured, a t Have rah P a r k b y A l l a n e t a l . (1967) 
f o r muons o f e n e r g y g r e a t e r t h a n 0. 35 GeV shows t h a t t h e d e n s i t i e s 
f o u n d i n t h a t e x p e r i m e n t f o r d i s t a n c e s g r e a t e r t h a n 25O m f r o m t h e 
shower a x i s a r e c o n s i s t e n t l y a b o u t 30$ h i g h e r t h a n t h o s e f o u n d i n 
t h e p r e s e n t w o r k - T h i s can be u n d e r s t o o d as a r e s u l t o f t h e 
d i f f e r e n c e i n t h e t h r e s h o l d rauon e n e r g i e s i n t h e e x p e r i m e n t s . Due 
t o t h e c h a n g i n g momentum spec t rum o f t h e muons as t h e d i s t a n c e f r o m 
t h e c o r e i n c r e a s e s , t h i s excess i s e x p e c t e d t o i n c r e a s e f o r l a r g e r 
d i s t a n c e s . However , t h e p r e s e n t d e n s i t i e s , w h i l e t e n d i n g i n t h e 
r i g h t d i r e c t i o n , a r e i n s u f f i c i e n t l y a c c u r a t e t o q u a n t i f y t h i s t r e n d 
a t t h e n e c e s s a r i l y l a r g e d i s t a n c e s . 
The o b s e r v e d i n c r e a s e w i t h z e n i t h a n g l e o f muon d e n s i t i e s a t a 
f i x e d d i s t a n c e i n a shower o f g i v e n s i z e i s t h e same as t h a t 
d e t e r m i n e d b y A l l a n e t a l . The i n c r e a s e i n muon d e n s i t i e s as t h e 
z e n i t h a n g l e i n c r e a s e s can be a s c r i b e d t o a l a t e r a l s p r e a d i n g o f t h e 
muons as t h e y t r a v e r s e g r e a t e r d i s t a n c e s b e f o r e o b s e r v a t i o n , a n d a l s o 
t o a n i n c r e a s e i n t h e e n e r g y o f t h e p r i m a r y p a r t i c l e i n i t i a t i n g a 
shower o f f i x e d s i z e a t sea l e v e l , due t o t h e a b s o r p t i o n o f t h e 
e l e c t r o m a g n e t i c component o f t h e shower i n t h e e x t r a , t h i c k n e s s o f 
a tmosphere a t l a r g e r z e n i t h ang le s* 
Under t h e a s s u m p t i o n o f a c o n s t a n t l a t e r a l d i s t r i b u t i o n f u n c t i o n 
t h e d e n s i t y o f muons a t a. f i x e d d i s t a n c e h a s been t a k e n a s t y p i f y i n g 
t h e number o f muons i n a. shower . I f v s w r i t e t h e . . • e l a t i o n be tween 
t h e number o f muons (N ) a n d shower- si.ze ( N ) a s 
N ( > p ) a W a ( i*.5) 
a c o m p a r i s o n o f t h e v a l u e o f a d e r i v e d i n t h e p r e s e n t work shows 
i t t o be i n good agreement w i t h o t h e r e x p e r i m e n t a l d a t a (e-g.- A l l a n 
e t a l . , 19bT, L i n s l e y e t a l . , 1962b, C l a r k e t a l . , 1958). The l a t e r a l 
d i s t r i b u t i o n f u n c t i o n h a s b e e n seen t o be i n d e p e n d e n t o f shower s i z e 
and t h u s c a n be u s e d t o n o r m a l i z e the rouon momentum s p e c t r a t o g i v e 
a b s o l u t e d e n s i t i e s f o r g i v e n d i s t a n c e a n d shower s i z e . F o r muons o f 
l a r g e t h r e s h o l d e n e r g y t h e v a l u e o f OC i n the. r e l a t i o n k- 5 i s n o t w e l l 
e s t a b l i s h e d a n d t h u s c a u t i o n i s n e c e s s a r y i n such s c a l i n g . F o r muons 
o f e n e r g y g r e a t e r t h a n 5 GeV a n d 10 GeV, K h r e n o v (1962) f o u n d a 
v a l u e o f Q: o f 0.85. F o r v e r y h i g h e n e r g i e s t h e o n l y e x p e r i m e n t a l 
e v i d e n c e ( B a r r e t t e t a l . , 1952, C h a . t t e r j e e e t a l . , I966) seems t o 
i n d i c a t e t h a t (X may be much l o w e r . An i n t e r p r e t a t i o n o f B a r r e t t 1 s 
d a t a b y G r e i s e n (1960) i n d i c a t e s t h a t a may be 0, 7 o v e r t h e r e g i o n 
o f shower s i z e o f i n t e r e s t i n the p r e s e n t w o r k . I n t h e f o l l o w i n g 
c h a p t e r e v i d e n c e w i l l , be p r e s e n t e d w h i c h s u g g e s t s t h a t f o r muons o f 
g r e a t t h r e s h o l d e n e r g i e s t h e vaJ ue o f Or j.3 a p p r ox innate l y e q u a l t o 
t h a t d e t e r m i n e d i n . t h e p r e s e n t e x p e r i m e n t f o r muons above 1 Ge'V/c. 
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CHAPTER 5 
THE MOMENTUM SPECTRUM _ OF MUOKS I N EAS 
5-1 The S e l e c t i o n a n d t r e a t m e n t o f t h e d a t a 
I n a p r e v i o u s c h a p t e r ( s e c t i o n 3-2) the t r e a t m e n t o f t h e 
spec trograph r e c o r d s was b r i e f l y summarized. T h i s p r o c e d u r e w i l l 
now be examined i n v i e w o f t h e p o s s i b i l i t y o f i n t r o d u c i n g b iases . . 
5-1*1 S e l e c t i o n b i a s e s 
The f i l m r e c o r d o f one r u n o f k^O e v e n t s has been c a r e f u l l y 
drawn i n i t s e n t i r e t y t o check t h i s p r o c e d u r e . An o r d i n a r y v i s u a l 
scan n o t e d 73 p o t e n t i a l l y u s e f u l e v e n t s , whereas 78 were s e l e c t e d 
f r o m t h e d rawn r e c o r d s o f t h e w h o l e f i l m . Of t h e e x t r a f i v e e v e n t s , 
o n l y one was a c c e p t e d as a muon, t h e o t h e r f o u r b e i n g r e j e c t e d f o r 
v a r i o u s r e a s o n s . I t i s of i n t e r e s t t o n o t e t h a t t h i s one e v e n t d i d 
n o t f a l l i n t h e c o i n e r s o f t h e f l a s h t u b e t r a y s where t h e l i g h t 
i n t e n s i t y f a l l s o f f , , W h i l e t h e sample o f e v e n t s i s i n s u f f i c i e n t t o 
d e t e c t any momentum b i a s due t o t h i s e f f e c t , i t can be c o n c l u d e d 
t h a t t h e s c a n n i n g o f t h e f i l m s i s q u i t e e f f i c i e n t . 
5-1"2 The e f f e c t o f s i m u l a t i o n q u a n t a 
The s i m u l a t i o n p r e c e d u r e i s l i m i t e d a t each m e a s u r i n g l e v e l t o 
s c a l e d i v i s i o n s o f 0.05 i n c h e s . As t h e l e v e l s a r e s e t 28 i n c h e s 
a p a r t , t h e a n g u l a r i n c r e m e n t s v a r y f r o m 0 .102° f o r v e r t i c a l l y i n c i d e n t 
p a r t i c l e s t o 0-075° a " t a n i n c i d e n t a n g l e o f 30° a n d 0 .06° a t k6°. 
The e f f e c t o f t h e s e ' q u a n t a ' w i l l be v e r y s m a l l a t l a r g e d e f l e c t i o n . 
kl 
and a t l o w d e f l e c t i o n t h e maximum e f f e c t has been shown t o be a IPjo 
r a i s i n g o f t h e i n t e g r a l spec t rum a t 60 GeV/c ( O r f o r d . p r i v a t e 
c omm un i c a t i o n ) . 
5 - l O The r a t e _ o f r e c o r d i n g o f s i n g l e muons 
The f l a s h t u b e s r e t a i n 6, . l ayer e f f i c i e n c y g r e a t e r than. 50$ f o r 
a b o u t 50 m i c r o s e c o n d s a f t e r t h e passage o f a. c h a r g e d p a r t i c l e . Thus 
t h e y w i l l 'remember 1 t h e passage o f a n i o n i z i n g p a r t i c l e d u r i n g t h i s 
t i m e p r i o r t o t h e a p p l i c a t i o n o f the EHT p u l s e . Woli 'enda. le (.1963) 
g i v e s t h e • v e r t i c a l i n t e n s i t y o f t h e p e n e t r a t i n g component o f cosmic 
_? _? ...1 -.1 
r a y s as 0. o j x ±0 cm sec s t e r ad . a n d f rom t h i s v a l u e t h e p r o b a b i l i t y 
o f a p a r t i c l e s t r i k i n g t h e magnet a r e a d u r i n g t h e s e n s i t i v e t i m e o f 
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t h e f l a s h tubes i s a b o u t 0- ko x 10 p e r e x p o s u r e . Such a r a t e i s 
c o n f i r m e d b y t h e o b s e r v a t i o n of t w o p o s s i b l y a c c e p t a b l e e v e n t s i n a 
f i l m o f kkb r a n d o m l y t r i g g e r e d s p e c t r o g r a p h e v e n t s . T h i s r a t e w i l l 
be a n o v e r e s t i m a t e o f t h e f l u x o f t r u e u n a s s o c i a t e d e v e n t s as t h e s e 
p a r t i c l e s must t h e n s a t i s f y a . l l the c r i t e r i a imposed on t h e o b s e r v e d 
muons. 
5-1-k F i n a l c l a s s i f i c a t i o n 
The a n a l y s e d e v e n t s a r e s u b j e c t e d t o a f i n a l , s c r u t i n y a n d a r e o n l y 
a c c e p t e d s u b j e c t t o severe , ! c r i t e r i a . . These a r e d e t a i l e d b e l o w , w i t h 
a d i s c u s s i o n o f t h e p o s s i b l e bia .ses i n t r o d u c e d b y each c r i t e r i o n . 
Three c r i t e r i a a r e r i g i d l y e n f o r c e d . 
( l ) The t w o h a l f - t r a c k s above a n d b e l o w t h e magnet mus t i n t e r s e c t 
w i t h i n t h e magnet c r o s s - s e c t i o n . Muons o f l o w d e f l e c t i o n a r e a .ccepted 
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i f t h e i n t e r s e c t i o n l i e s w i t h i n t h e l i m i t s s e t b y t h e measur ing e r r o r s 
( S e c t i o n 3-2-3)• Low e n e r g y muons s c a t t e r e d t o s m a l l d e f l e c t i o n s 
and l a r g e teteral s e p a r a t i o n s may be r e j e c t e d on t h i s c r i t e r i o n , b u t 
t h e r e w i l l be. I e ? R than a 1$ e f f e c t , a t 1 GeV/c . 
(2) The e n t i r e t r a c k mus t l i e w i t h i n t h e l i m i t s o f t h e s p e c t r o g r a p h 
d e f i n e d by t he a c c e p t a n c e f u n c t i o n . A t l e a s t half' of t h e d e p t h o f 
each f l a s h tube, t r a y mus t be. t r a v e r s e d b y the p a r t i c l e , w h i c h must n o t 
pass t h r o u g h the s i d e s o f t h e magnet v o l u m e . No b i a s i s i n t r o d u c e d 
b y t h i s c r i t e r i o n as f u l l a l l o w a n c e is made f o r i t i n the a n a l y s i s . 
(3) The a n g l e o f i n c i d e n c e a a d t h e d e f l e c t i o n must Vie w i t h - i n t h e 
l i m i t s o f t h e a c c e p t a n c e f u n c t i o n ( S e c t i o n 3-1= 3)• The c u t - o f f in . 
d e f l e c t i o n i s o f no consequence a s t h e p r e d i c t e d d e f l e c t i o n s p e c t r a 
a r e s i m i l a r l y c u t - o f f , b u t i f the. momentum s p e c t r u m v a r i e s s t r o n g l y 
w i t h z e n i t h a n g l e , a b i a s m i g h t be i n t r o d u c e d b y t h e l i m i t imposed on 
i n c i d e n t a n g l e as showers w i t h l a r g e z e n i t h a n g l e s a r e a c c e p t e d 
p r e f e r e n t i a l l y f o r s m a l l v a l u e s o f i n c i d e n t a n g l e . 
The p o t e n t i a l l y u s e f u l muons a r e e x a m i n e d on the b a s i s o f 
f u r t h e r . , l e s s s t r i n g e n t c r i t e r i a , v i z i~ 
( k ) The t r a c k mus t n o t be c o n f u s e d by n e i g h b o u r i n g t r a c k s . T h i s w i l l 
cause a b i a s a g a i n s t dense s p e c t r o g r a p h r e c o r d s a n d t h u s w i l l a f f e c t 
t h e mean s i z e and d i s t a n c e a t t a c h e d t o a s p e c t r u m . C o n f u s i o n i s 
most l i k e l y t o a r i s e f o r l o w e n e r g y ( l a r g e d e f l e c t i o n ) muons. 
(5) The p a r t i c l e mus t have a p a t h l e n g t h w i t h i n n o n - f l a s h e d t u b e s 
l e s s t h a n 2 tube d i a m e t e r s i n each s,rm o f t h e s p e c t r o g r a p h . As a, 
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re-scan, of t h e f i l m i s carried out; in any dubious cases, t h i s should 
not l e a d t o the r e j e c t i o n o f an event due t o the erroneous 
omission of a tube in. drawing- The h igh energy muons should be 
l e a s t affected i s the energy loss r i s e s w i t h energy and the p r o b a b i l i t y 
of p roduc ing a knock-on e l e c t r o n capable o f f l a s h i n g a tube, a l s o 
r i s e s w i t h energy. 
(6) The p a r t i c l e must have the same gene ra l direction of incidence 
(± 20°) as t.he r e s t o f the shower particles recorded by the spectrograph. 
Thus un&ssociated muons w i t h i n t h i s angle w i l l be inc luded i n the 
spectra.^- and shower muons at h i g h angles t o the shower w i l l be 
ex.clud.ed. I t can be shown that such shower muons must have low 
energ ies : t h i s source of l o s s w i l l be o f f s e t by the s i n g l e muons 
inc luded i n the data . 
The t r a c k s are. checked f o r e r r o r s a f t e r examination of a f i n a l 
p o i n t . 
(7) A muon o f low d e f l e c t i o n i s expected t o have, a, va lue o f Ay less 
m 
than 12 mm (Sec t ion 3-3»3)« I f such a muon has a greater value of 
Ay^ the event i s checked f o r any evidence of spurious a s s o c i a t i o n of 
half-tracks. I f no such evidence i s p resen t the event i s accepted as 
part o f the expected t a i l o f the d i s t r i b u t i o n due t o s ca t t e r ed low 
energy muons. Experience shows t ha t the p r o b a b i l i t y o f a. spurious 
event having such a low Ay i s sma l l . 
Before l e a v i n g t h i s cons iderat ion of the v a l i d i t y of the muon 
data i t should, be no ted t h a t , i f a muon i s observed w i t h two poss ib l e 
half-tracks in one arm of the spectrograph, the mean of the angles i s 
taken i f t h i s does no t markedly a f f e c t the d e f l e c t i o n . Such events 
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w i l l , more commonly be accepted i f they are low energy rauons, bu t 
any excess thus introduced w i l l t end t o o f f s e t the losses o f low 
energy rauons due t o con fus ion of t r a c k s . 
5"2 darj^at_icm of the jnomentum spec trum o f muons 
The convers ion of an observed spectrum of d e f l e c t i o n s i n t o the 
momentum spectrum of muons a t a g iven dis tance f r o m the shower core 
i s not 3trs.ightforTij5.rd because of the s c a t t e r i n g i n the magnet* The 
shape of the spectrum i s only known approximate ly f rom prev ious 
a.nalyses and thus methods "based on t h e o p t i m i s a t i o n of some parameter 
i n a p r e v i o u s l y known spectrum are not of g rea t usefu lness . Iterative 
methods starting from an arbitrary t r i a l spectrum and g i v i n g a unique 
s o l u t i o n are p r e f e r a b l e . 
Two dist inct approaches t o t h i s problem have been used, one of 
which i s an adaptation of that used by the workers at Durham and 
Nottingham ( e . g . Bull et a l . , 1965b). This method, which starts w i t h 
an assumed momentum spectrum, p r e d i c t s a d e f l e c t i o n spectrum which 
may then be compared with the observed spectrum. This i n d u c t i v e 
method has been developed extensively for use w i t h the momentum spectra, 
found i n a i r showers by Orford ( p r i v a t e communication). The second, 
deduct ive, method., developed for use w i t h the present spectrograph by 
Walton (1966), i nvo lves the e v a l u a t i o n of the p r o b a b i l i t y d i s t r i b u t i o n s 
of momentum appropr i a t e t o the i n c i d e n t angles and d e f l e c t i o n s of the 
i n d i v i d u a l muons. 
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For each moon there i s available the i n c i d e n t d i r e c t i o n and 
d e f l e c t i o n in the measuring p lane ( y , A»Jr) and f r o m the associated air-
shower direction the i n c i d e n t d i r e c t i o n , i n the h a c k - f r o n t plane of 
the spectrograph ( • ) i s also known. I g n o r i n g Coulomb s c a t t e r i n g the 
d e f l e c t i o n can be r e l a t e d t o momentum by the fo rmu la d e r i v e d by B u l l 
e t a l (1965a):-
i K ( I + € 2 / K 2 ) sec * ( 5 o l ) 
p = _J J ^_ 
exp -j^(e/K)A\(/ J ( s i n \lf, -1- ( e / K j c o s ^ ) - ( s i n i | f o + (e/K')co£n|rQ) 
where I i s the th ickness o f the magnet i n cm, e. i s the s p e c i f i c energy 
loss i n .MeV cm ^ o f a muon o f momentum p (Ashton and Wolfendale., 1963); 
K i s three hundred t imes the magnetic f l u x dens i t y and \jr , g i v e n by 
i s the angle o f emergence f rom the magnet of the p a . r t i c l e . 
A timon o f momentum p s u f f e r s Coulomb s c a t t e r i n g i n the i r o n magnet 
and the r.m~s. angle of t h i e s c a t t e r i n g about the magnetic d e f l e c t i o n 
i s p 
E 
J i 2 P V . r s ) ) ( 5 - 2 ) 
Here i s a constant (21 MeV). s i s the th ickness of i r o n i n r a d i a t i o n 
l eng ths and e i s the energy loss o f a muon of momentum p per r a d i a -
1 ^v, re t l - i 
On the b a s i s o f these two rela.ti .ons the momentum spectrum 
a p p r o p r i a t e t o a sample o f muons can be de r ived . The two methods o f 
d e r i v a t i o n of the spectrum are discussed below. 
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5-2.1 The d e r i v a t i o n o f a. d e f i n e t j l o n _sgectriini f r o m an assumed 
momen turn spec brum 
The assumed moment urn spectrum, S(p) dp, i s evaluated, f o r va lues 
o f momentum corresponding i-o the cent res of the c e l l s o f deflection. 
The contr ibu+ior.s t o es.ch of the. d e f l e c t i o n intervals f rom these 
momenta s.re ther: eval aat=.d and, after we igh t ing accord ing t o S(p) d p . 
are summed- I f the c o n t r i b u t i o n to the i n t e r v a l of d e f l e c t i o n o f 
median value A^ .from momentum p.. i s w(A^. p^ ) , the expected, number of 
events in t h i s d e f l e c t i o n interval can be written -
Nj « 2. W(A., ; P . ) S ( p . ) d p . (5-3) 
The derivation o f the factors W i s ca r r ied , out as f o l l o w s . The 
d i s t r i b u t i o n o f incident d i r e c t i o n s (ty . * ) c h a r a c t e r i s t i c of the 
o' o" 
muons composing the spectrum o f deflections a t a given d i s tance from 
the core v a r i e s on ly sl ightly w i t h di.sta.rice, Thus the average 
character i s t i .es o f showers accompaaying the measured muons in. events 
t r i gge red , by the 500 m a r r a y are used f o r a l l the i n t e r v a l s o f 
distance. I f t h e distribul ions a re M^(+o) and Mg(* ) , they can be 
corrected, f o r the acceptance function of the spectrograph X (p ,tyQ.4»o) 
t o give the d i s t r i b u t i o n M(i|r , $ } f o r muons o f momentum p 
M ( * q , * 0 ) - x ( P . , v * 0 ) \ h Q ) V 0 O } 
Using the median values o f the c e l l s of the d i s t r i b u t i o n a.nd. 
M p . ( • ) and (* ) ^ we can use the r e l a t i o n 5.1 t o f i n d the d e f l e c -
t i o n s Aijc o f a muon of momentum p^ due t o the magnetic f i e l d . Ivow a 
muon o f momentum p . / * ), and. (* ) . s u f f e r s Coulomb s c a t t e r i n g i n the 
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magnet g iven by equat ion 5-2- The t o t a l s c a t t e r i n g i s compounded of 
t h i s scatterina and the e r r o r i n t r a c k l o c a t i o n (a ) :-
e 
Using this . , the p r o b a b i l i t y G( i , j , k,£) o f a muon o f p i n c i d e n t w i t h 
and (* ) ( J appearing w i t h d e f l e c t i o n A . can. be eval.ua.ted, a.nd o jt o * j 
the we ig l r t i ng f a c t o r s f o u n d f r o m 
W(Ay p . ) » £ 4 ( k , i ) G ( i , j , k , i ) 
Using r e l a t i o n 5*3 the assumed momentum spectrum, of a r b i t r a r y 
shape, i s converted t o a d e f l e c t i o n spectrum which can be compared 
w i t h the observed d i s t r i b u t i o n - The d i f f e r e n c e s between the observed 
and p r e d i c t e d d e f l e c t i o n spect ra are caused bo th by the f i n i t e 
numbers o f muons and by the inappropr la teness t o the data of the 
assumed momentum spectrum- The e f f e c t of the numbers of muons w i l l be 
seen i n the e r r o r s p l aced upon the spectrum, and the d i f f e r e n c e s due 
t o the assumed spectrum can be u t i l i z e d t o a l t e r the assumed momentum 
spectrum t o a shape close t o t h a t app rop r i a t e t o the data. The 
r a t i o s f t j o f the observed t o p r e d i c t e d numbers of p a r t i c l e s i n each 
d e f l e c t i o n i n t e r v a l are used t o g ive a new fo rm of S(p_^)dp^ 
S ' ( p , ) d p . = L. R. W(A., p . ) S ( p . ) d p . 
Because of the non-unique r e l a t i o n between observed d e f l e c t i o n s and 
muon momentum, t h i s procedure i s i t e r a t i v e . Unique convergence 
has been demonstrated by us ing w i d e l y d i f f e r i n g t r i a l spectra, to 
de r ive the same f i n a l momentum spectrum (Orford ..private communication). 
5-2.2 The d e r i v a t i o n o f the momentum spectrum f r o m the observed 
d e f l e c t i o n s 
For individual part ic les detected by the spectrograph values are 
determined for the- Incident angle in the measuring plane, the deflection 
of the rauon by the magnet i n t h i s p lane , and, i n combinat ion w i t h the 
a i r shower directions, the incident angle i n the back - f ron t plane.. 
For each event the magnetic d e f l e c t i o n (A\|e ) app rop r i a t e to a selected 
momentum p^ can be f o u n d us ing r e l a t i o n 5*1* r-1'ie p r o b a b i l i t y 
G(p^, A) o f a muon o f momentum p being s c a t t e r e d to the. observed 
d e f l e c t i o n , A\|r, where 
A - Ai[> - Ailf . 
in 
can be found f r o m equation 5*^ * Such a probability d i s t r i b u t i o n 
assumes t h a t the muon has equal a p r i o r i , p r o b a b i l i t y o f possessing 
any momentum, which i s not the ca.se. Corrections f o r the momentum 
spectrum S(p)dp, and f o r the acceptance of the spectrograph 
X(Ai|i, f , • ) , must be made, g i v i n g the f i n a l probability o f s. muon 
o f momentum p.. hav ing d e f l e c t i o n A\jf as 
G(p , A) S(p )dp p i l i 
- i -
x(A*, i |r o , G ( P ± , A) S ( p . ) d p . 
where a i s the lowest momentum accepted by the spectrograph and b i s 
a r b i t r a r i l y set a t tw ice the upper l i m i t o f the. r e s u l t s quoted 
(b = 200 GeV/c). 
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The distributions app rop r i a t e t o a number of p a r t i c l e s are. 
summed t o g i v e t h e d i f f e r e n t i a l momentum spectrum corresponding 
t o the sample o f events. The spectrum thus deduced i s co r r ec t ed f o r 
the loss of low momentum particles due to the probability of such 
p a r t i c l e s be ing sca t t e r ed beyond the l i m i t s o f y at 30° and 
A\|r a t 1.6°, bu t no c o r r e c t i o n i s made f o r the absorption of p a r t i c l e s 
of" momentum l e s s than 1,5 GeV/c i n the i r o n . The spectrum below 
t h i s p o i n t i s found us ing the previous methods of a n a l y s i s by a, 
systematic r e l a x a t i o n of the shape of S(p)dp below 1.5 Gev'/c 
This method i s i t e r a t i v e i n nature,, the. l eng th of the iteration 
procedure b e i n g dependent upon the closeness of the assumed form o f 
S(p)dp t o t h a t a p p r o p r i a t e t o the data. The uniqueness of the 
spectrum d e r i v e d by t h i s procedure, has been checked by t e s t s commenc-
i n g w i t h w i d e l y d i f f e r e n t t r i a l spectra,. One such t e s t i s descr ibed 
I n s ec t ion 5-3'3* 
5-2.3 A comparison o f the two methods o f d e r i v i n g a 
momentum spectrum 
Hie t rea tment of an assumed momentum spectrum to predict a 
spectrum o f d e f l e c t i o n s t o be compared w i t h the observed data i s t o 
be p r e f e r r e d f o r numeri.ca.lly la.rge samples of data i n t h a t the values 
of \|f and Aty need not be t r e a t e d i n d i v i d u a l l y . The c e l l s o f d e f l e c -
t i o n have been chosen so t h a t muons a t d is tances o f a.bout 300 m 
f r o m the core o f an a i r shower have roughly equal numbers i n each o f 
f i f t e e n c e l l s . The c e l l o f smal les t d e f l e c t i o n covers the range 0° 
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t o 0.72 and has been s p l i t i n t o two a.t 0,36 , g i v i n g s i x t e e n c e l l s 
i n a l l , t o enable more i n f o r m a t i o n t o be d e r i v e d f o r momenta near 
the m. d.m. A. l i m i t a t i o n on t h i s method of analysis i s t h a t the 
we igh t i ng f a c t o r s have o n l y been computed, f o r the normal p o p u l a t i o n 
o f \|f and 4> , a p p r o p r i a t e t o data, subdivided, by d is tance f rom the 
core. 
The second method of a n a l y s i s i s much, more l e i g t h y and i s b e t t e r 
f o r smal l samples (but see s e c t i o n 5-3-3) or f o r data which has abnormal 
d i s t r i b u t i o n s o f I)/, and • » Such a case i s the spectrum as a. 
f u n c t i o n of z e n i t h angle . For these cases the low energy c o r r e c t i o n 
discussed above cannot be c a r r i e d ou t . as The w e i g h t i n g fa .c tors w i l l 
be i n a p p r o p r i a t e . 
Treatment o f t h e same sample of data by both, method.s i n d i c a t e s 
t h a t they are q u i t e compatible (Wai tonj 1966). 
5-2.4 B ia.ses in the spect ra 
Several sources of e r r o r i n the momentum spectrum of muons 
d e r i v e d a t Haverah Park have been discussed ( s e c t i o n 5-1-) a n a 
numer ica l es t imates of the e f f e c t of these g i v e n wherever p o s s i b l e . 
Two o ther e f f e c t s must be cons idered : -
( l ) The spectrograph i s sh i e lded by 5 cm o f l e a d t o reduce contamina-
t i o n o f the f l a s h tube records by the e lec t romagnet ic component-
Muons p e n e t r a t i n g the magnet w i l l have, l o s t some .100 Mev i n t h i s 
l ead , so t h a t the observed momentum spectrum w i l l be displaced, by 
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Qnl GeV/c toirfards higher raotnerrta.. 
l a considering muon energy l oss - no allowance has been ms.de for 
the l o s s o f a '\j&rge amount of energy i n one c o l l i s i o n . Such a. 
process i s more: l i k e l y a.i: high, energies and thus the spectra, deduced 
w i l l be s l i g h t l y uncle res t i ma. t e d a t large momenta (Oxford., p r i v a t e 
c oinmun i cat i on )« 
The overall "bias in the. spectrum at any d is tance w i l l , result in 
a s l i g h t steepening o f the t r u e spectrum. 
5-3 Th^momentuni spectrum of muons fas a, _func t i o n o f the 
d is tance f r o m the core 
The records f r o m the spectrograph f r o m May 1965 t o May 1967 have 
been analysed, y i e l d i n g 277^ ' u s e f u l ' muons f r o m showers triggering 
the 500 m array. Shor te r runs have been made by t r i g g e r i n g the 
spectrograph on the two smaller arrays.; 1762 muons have been analysed 
from t r i g g e r s on the 50 m a r r a y and Qlh muons f rom the 150 m a r r a y . 
I n a. p rev ious a n a l y s i s (Earnshav et a l - , 1967a) the r e s u l t s f r o m the 
50 m a r r a y were used t o de r ive spectra f o r f o u r mean dis tances f rom 
20 m t o 100 m f r o m the core. These spectra d i f f e r e d only very 
s l i g h t l y f r o m each other and so i n the present a n a l y s i s the data f r o m 
each o f the sma l l a r r ays have been combined to f o r m more s i g n i f i c a n t 
spectra p l aced a t t y p i c a l d i s tances f o r the i n d i v i d u a l a r r ays . For 
the 500 m a r r a y the range i n distance covers a much wider variation 
i n muon momentum spectrum a.nd t h e r e f o r e the data have been sub-
d i v i d e d i n t o s i x ranges o f distance-- The v a r i o u s d is tance ranges 
f o r which the momentum spectra have been d e r i v e d are shown in. Table 5»1> 
FIGURE 5.1 
Distributions of shower size and zenith angle 
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w i t h the median d i s tances and sizes app rop r i a t e to each spectrum. 
TABLE 5.1 
DISTANCE BITEfWALS 
A r r a y Ra/nge o f d i s tance 
(m) 
Media.n. d is tance 
(m) 
Median s ize 
(No. o f P a r t i c l e s ) 
50 m 10-70 ( about ) 50 b K 10 5 
150 m 20-210 (about ) 100 2 x 10 6 
100-200 155 1-53 x 10T 
2OO-25O 22p 2.26 x 101 
500 m 250-350 300 2.80 x 10 7 
350-1(50 380 2 .91 x 10 ( 
^50-600 520 ii.55 x 10T 
> 600 700 9.51 x 10 7 
T y p i c a l d i s t r i b u t i o n s o f shower s ize arid z e n i t h angle f o r one such 
d is tance i n t e r v a l are shown i n F igure 5-1* 
The data, i n each o f these ranges, except the interval f u r t h e s t 
f r o m the core o f 500 m showers, have been t r e a t e d by us ing a. s p e c t r a l 
shape t o p r e d i c t a d e f l e c t i o n spectrum. The f i t o f the p r e d i c t e d 
d i s t r i b u t i o n o f d e f l e c t i o n s t o tha t observed i s shown i n F igure 5-2 
f o r a typical, case. The so le remaining i n t e r v a l has been analysed 
FIGURE 5.2 
A typical observed distribution of deflection 
and the distribution predicted using the 
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by t reatment o f the i n d i v i d u a l d e f l e c t i o n s , because of the p a u c i t y o f 
the data . Both procedures y i e l d the d i f f e r e n t i a l shape o f the. momentum 
spectrum a p p r o p r i a t e t o the da ta , Which may be i n t e g r a t e d from. 1 GeV/c 
t o a momentum (';00 GeV/c) , which i s s u f f i c i e n t l y h igh f o r the i n t e g r a l 
i n t e n s i t y o f muons above i t t o be n e g l i g i b l e compared to the i n t e g r a l 
i n t e n s i t y a t the upper momentum f o r which a. va lue i s quoted i n t h i s 
work. The d i f f e r e n t i a l spectrum can be i n t e g r a t e d to g ive the 
i n t e g r a l i n t e n s i t i e s o f muocj above var ious momenta.. The spectrum i s 
normal ized so tha t the i n t e g r a l i n t e n s i t y o f .muons o f momentum above 
1 GeV/c i s equal to the dens i t y f o u n d by the a b s o r p t i o n measurement, 
•y 
f o r a shower o f s ize 2 Y. 10 p a r t i c l e s a t a d is tance f rom t h e core 
equal t o the medial o f the i n t e r v a l i n ques t ion . 
'The e r r o r s -placed on the momentum spectra have been d e r i v e d f rom 
the Poisson f i d u c i a l l i m i t s (Regener 1 9 5 o r i the data, i n each c e l l 
o f d e f l e c t i o n a l l o w i n g f o r the e r r o r on the l a t e r a l d i s t r i b u t i o n o f 
muons above 1 GeV/c. The -;:.t •• .me l i m i t s of the shape of 1fte spectrum 
w i l l correspond t o the upp^r and. lower f l u c t u a t i o n s o f the data i n 
the two c e l l s o f d e f l e c t i o n a t the opposi te ends o f the d i s t r i b u t i o n . 
These c e l l s are a l l o w e d t o f l u c t u a t e by the Poisson f i d u c i a l l i m i t s 
and t h e f l u c t u a t i o n s o f the in t e rmed ia t e c e l l s are determined f rom the 
appropr i a t e Poisson f i d u c i a l l i m i t s by p e r c e n t i l e i n t e r p o l a t i o n . 
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cannot be analysed. The las'- <:ab:go£j comprise;* l e s s than 0-2% of 
a l l showers and may be n-hgl.ected. The b^st . f i t momentum spect ra 
d e r i v e d by the i n d u c t i v e method of a n a l y s i s f o r the. inuons i n showers 
i n the f i r s t two ca tegor ies hav* been compared f o r two d i s tance 
ranges, cen t red about. 300 m and '400 m f rom the core. I he r e are 
fewer muons i n the second category, bu t there i s no d i f f e r e n c e 
between the spectra d e r i v e d x -JC- vh.fr two ca tegor ies at e i t h e r d i i t a n c e , 
w i t h i n the e r r o r s , c o n f i r m i n g -; hot the two method? of analyses agree 
on average ( s e c t i o n 2 - 2 - 3 ) " 
Despite the evidence ths.t the two method.? o f a n a l y s i s agree on 
average ; i t i s necessary t o check that the analyses of i n d i v i d u a l 
events are no t i n erroro Such e r r o r s w i l l be most impor tan t f o r 
showers assoc ia ted w i t h muon.f. c f h i g h energy, and these shover's have 
been checked i n severa l ways, d e t a i l e d below-
(b ) 'Ihe a n a l y s i s of s h e e r s assoc ia ted w i t h f a s t muons 
o 
Ihe showers assoc ia ted \ xuons o f d e f l e c t i o n less than. 0 . 7 2 
i n these two spect ra have beer, inspec ted . Those which have been 
analysed by the s o p h i s t i c a t e d i ie thoa bu t which had a poor gooaness-
o f - f i t parameter and those which have been analysed by the simple 
method have been re-examined us ing the analogue method of i n t e r s e c t -
i n g l o c i . 
I n t he case of the 300 m spectrum, out o f U'J events one,which 
had been analysed by the simple me thod ,apparen t ly f e l l between .150 m 
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and 200 ra f rom the spectrograph, d.epecvi ir.g on. the s t r u c t u r e f u n c t i o n 
used i n the a n a l y s i s . 
For t h 1 ?8G m sp---ct ;• urn f o u r dubious events , a p p a r e n t l y nearer 
200 m .from i.iv . - o w e - r e found out o f a t o t a l of 20 events . Each o f 
these events n«,d b t i /eated by the s iinple ana ly s i p and f u r t h e r , 
each had one d e n s i t y unreadably low on the f ilrn r e c o r d of the a i r 
shower Aens.lt ie.-=. T-v. method o f anfelys i r i s k.-iowri t o be very 
s e n s i t i v e to the smalJ i s t d e n s i t y observed -and thus f l u c t u a t i o n s 
i n these low Aensit ier- could lead, t o very large e r r o i s . The momentum, 
spectra o f muor.s i n showers of the f i r s t two ca tegor ies mentioned 
above axe q u i t e s i m i l a r and hence i t i s not thought tha t a l l of these 
dubious events are i n -error. 
( c ) The numbers o f f l a shed t ube5 
The t o t a l number o f f l a s h e d tubes observed i n a. r ecord of a 
shower t r i g g e r i n g the spectrograph may be c o r r e l a t e d w i t h the shower 
s ize and the distar .ee of + . h e '"ore f rom the sj.eetrogi.-5.ph. The numbers 
of f l a s h e d tubes were counted f o r many show?r? and. the data sub-
d i v i d e d by s ize and. d i s tance f r o m the core ,and i t was found, that the 
d i s t r i b u t i o n s o f these numbers were r e s t r i c t e d , t o values no t g rea te r 
than twice the mean o f the d i s t r i b u t i o n s . Th i s r e s t r i c t i o n was the 
same f o r the I n d i v i d u a l f l a s h tube t r a y s and f o r a , l l the t r a y s summed. 
Thus the number of f lashed, tubes observed, i n the spectrograph may 
be used, t o place upper l i m i t s on d i s t ance f r o m the core and. shower 
s ize a l though no p h y s i c a l s i g n i f i c a n c e has been attached, t o t h i s 
number. 
The evr.nts w i t h d e f l e c t i o n lfss- ' nan 0. "V2 i n the 500 m and 
VJ8O MI spectra have be^n examined v i t h i ? c r i t e r i o n i n mind., and 
only on* *v*--:-.t ut each spectrum lias been r e j e c t e d s.s i n a p p r o p r i a t e 
to the re-lr-v-:.rJ. b«.:-.d o f d i s t ance . Thene events a l so appesj-ed f rom 
the analyses us ing the s^alogue method to be much closeir to the 
core than o r i g i n a l l y es t imated . 
From the a.bov^ i t was concluded t ha t the upectra a t 3 00 m and. 
J80 m each con ta ined one. f a s r - .particle s p u r i o u s l y placed at these 
dis tances . These events were r.ot. included. i n the d e f l e c t i o n spectra 
used t o de r ive momentum spectra.- As ?uch - : : rors w i l l be independent 
o f ration momentum, and erroneous events have, on ly been r e j e c t e d f o r 
moons o f low d e f l e c t i o n , , . i t i s -x.pect.ed that t h e spectra, deduced, w i l l 
be lower- est imate So 
( d ) The s e l e c t i o n o f showers by the spectrograph 
Showers c o n t a i n i n g muons of low d e f l e c t i o n ( l e s s than 1 . ^ 2 ° ) , 
between 250 m and 450m f rom tr.e shower core , de tec ted by the spect ro-
graph may be compared w i t h a l l showers, i n t h i s d is tance range and 
w i t h z e n i t h angles l e s s than 40° . , detected, by the array a t Have rah 
•park. As the two samples of showers have r a t h e r s i m i l a r mean, s izes 
and z e n i t h ang les , the s t r u c t u r e f u n c t i o n exponents i n the two 
cases should be the same i f there i s no causal r e l a t i o n between 
muon. d e n s i t i e s and t h i s exponent. The d i s t r i b u t i o n s of best f i t 
s t r u c t u r e f u n c t i o n exponent f o r the two classes are very s i m i l a r , 
6 k 
the mean values b e i n g -
'Muor. shovers' mea.n exponent — ^>-0k ± 0.3*1-
A l l sicrwv>rs mean exponent » 3 . 1 3 ± 0 .15 
Frcm t h i s comparison i t may "be concluded t h a t showers containing 
f a s t muons are not f l a t t e r than t y p i c a l showers recorded a t Haverah 
Park.. 
(e ) Hie • v a r i a t i o n of shower paiameters w i t h def l e c t i o n 
I f the a i r shower data cause any biases i n the momentum spectrum 
of the muons, t h i s f a c t w i l l be r e f l e c t e d i n the v a r i a t i o n of the 
v a r i o u s shower parameters with rnuon d e f l e c t i o n . 
The v a r i a t i o n w i t h de f l ec t ion of shower s i z e , z e n i t h and azimuth 
angles a.nti radius o f curva ture of the shower f r o n t has been examined 
for- the 300 m a.nd 380 m data . No s i g n i f i c a n t v a r i a t i o n ha.s been 
found, i m p l y i n g tha t , a t l e a s t in. f i r s t o rder , the muon d e f l e c t i o n 
spectra are independent of these parameters. 
5 " 3 ° 2 Muon momentum spect ra 
The d e r i v a t i o n o f the absolute d i f f e r e n t i a l and i n t e g r a l spectra 
has been discussed above, and the checks c a r r i e d out upon the data 
ensure a s s i g n a t i o n o f events t o the c o r r e c t i n t e r v a l o f d is tance 
f r o m the core. 
The abso lu te d i f f e r e n t i a l momentum spectra f o r the v a r i o u s 
d is tances f o r a shower o f size 2 x 10^ p a r t i c l e s are shown i n F igure 
5-3 and the corresponding i n t e g r a l spectra i n .Figure 5 . k. I t must 
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be remembered t h a t the spectra shown a t 'jiO m and. 100 m f rom the core 
are i n f a c t normal ized f rom much smal le r showers. These i n t e g r a l 
d e n s i t i e s enable the l a t e r a l d i s t r i b u t i o n s o f muons above v a r i o u s 
f i x e d momen. i.'-i l-n b<.- drawn. (.Figure 5 . 5 ) , These nave been e x t r a p o l a t e d 
as shown and the t o t a l numbers o f muons o f momentum grea te r than 
7 
v a r i o u s t h r e sho lds I n a shower of 2 x 10 p a r t i c l e s can be found by 
e v a l u a t i n g : -
xcoo 
(> p ) = J f M ( r , > p ) £j£r or 
These muon numbers are p l o t t e d aga ins t (p + 2) i n F igure 5 . 6 , where 
i t can be seen t h a t they f o l l o w a l i n e o f the f o r m 
(> p ) - ( 7 0 2 * 0 . 8 0 ) x I D 5 (p + 2 ) 1 O ± 0 - 1 ( 5 . 5 ) 
The t o t a l number of muons i n the shower i s ( 1 . 8 ± 0 , 2 ) x 10^ and f r o m 
r e l a t i o n 5-5 t h e t o t a l energy c a r r i e d by the muon component of a. 
7 
shower of s ize 2 x 10 i s 
Hence the mean momentum of the muons i n such a shower i s 
P = 6 . 7 GeV/c 
These conclusions. , which are based upon the d i f f e r e n t i a l momentum 
spectra o f the muons measured i n t h i s experiment , r e l y upon normal iza -
t i o n t o a common s i z e . As observed above, w h i l s t not unfounded a t 
low energies , t h i s n o r m a l i z a t i o n of the muon d e n s i t i e s f rom the 
smal le r a r r ays may break down a t h igh momenta,. Shown i n F igure 5 . 6 
FIGURE 5 .3 
The d i f f e r e n t i a l momentum spectra of muons a t 
var ious distances from the core of a shower 
7 








» 1 • 1 • 1 
0 1 2 
Log muon momentum(GeVfc) 
The i n t e g r a l momentum spectra of muons a t va 
distances from the core of a shower of s ize 
2 x 1 0 T . 









C O 0M 700M 
0 
Log muon momentum (GeV/c) 
The l a t e r a l d i s t r i b u t i o n s of muons of momentum 
above var ious threshold values for a shower of 
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s ize 2 x 10 - The broken l i n e s indicate extra-
polation outside the region of measurement* 
The key indicates the threshold momenta. 
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The i n t e g r a l momentum spectrum of a l l muons in 
7 
a shower of s i ze 2 x 10 . The various points 
r e f e r to: 
( 1 ) Present data 
( 2 ) Khrenov (1962) p = 5 and 10 GeV/c 
( 3 ) Barnave l i et a l . , (1965) 
( 4 a ) Chatterjee et a l . , (1966) scaled using a = 0. 47 
(4b) Chatterjee et a l . , (1966) scaled using a = 0, 78 
( 5 ) Bennett and Greisen (1961) 
( 6 ) Greisen ( L960) 
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i n t h i s region o f the 3howers, of which 70 are w i t h i n the imposed 
l i m i t s o f i|f and H a l f o f these u se fu l muons occur i n showers 
which hav=- been f u l l y analysed by t he Leeds group; the o ther 
a i r shower? na.'/e been analysed by a. more simple procedure. Due 
t o t h i s very small sample i t was thought more u s e f u l to attempt to 
derive the momentum spectrum appropriate t o these muons using the 
d i r e c t method of estimating the man en turn spectrum f r o m t h e 
ind iv idua l de f l ec t . Ions of the .muons. 
As an i n i t i a l , t r i a l spectrum that spectrum determined f o r 
muons a t 520 m f r o m the core was used.. The inappropriaten&ss of 
t h i s spectrum was evident, in. the d i f f e r e n c e of the spectrum d e r i v e d 
from one i t e r a t i v e c y c l e . I n 3.11. some e ighteen i t e r a t i v e cycles 
were c a r r i e d cu t u n t i l the s p e c t r a l shape became unchanging with 
f u r t h e r i t e r a t i o n . This f i n a l spectrum was s teeper than the i n i t i a l , 
t r i a l spectrum and, i t s uniqueness was checked by i t e r a t i n g again f rom 
a, t r i a l spectrum steeper t h a n that appropriate t o the data.. I n t h i s 
case the i t e r a t i v e steps moved the. spectrum up towards t h a t p r e v i o u s l y 
found . 
The fo i rn of d i f f e r e n t i a l momentum spectrum most a p p r o p r i a t e t o 
the data was not of the simple monotonlc nature observed, f o r the 
r e s t of t h e d i s tance i n t e r v a l s examined.. I f the d i f f e r e n t i a l d e n s i t i e s 
f o r muons o f various momenta found a t o the r d i s tances f r o m the core 
were e x t r a p o l a t e d to p r e d i c t the shape o f the d i f f e r e n t i a l momentum 
spectrum a t TOO w i , the shape of t h i s expected, spectrum agreed, w e l l 
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with that observed f o r momentum below or equal t o 2 GeV/c and above 
or equal t o .10 GeV/c. Between these two l i m i t s the spectrum observed 
was f a i bnlow that expected. Such an e f f e c t cou ld be .real or i t 
cou ld be caused by s t a t i s t i c a l f l u c t u a t i o n i n the observed 
def l ec t ion spectrum. 
The l a t t e r cause i s thought to be more probable., the i t e r a t i v e 
procedure producing a momentum spectrum which w i l l fo l low the 
observed d e f l e c t i o n s w i t h o u t smoothing the f luc tua t ions a t a l l . To 
check t h i s hypothesis the two p o r t i o n s of the spectrum which agreed 
w i t h e x t r a p o l a t i o n were smoothly connected, and the momentum spectrum 
so produced was processed, t o de r ive the app rop r i a t e d e f l e c t i o n 
spectrum.Within the s t a t i s t i c a l u n c e r t a i n t i e s of the data, t h i s 
d e f l e c t i o n spectrum was not i n c o n s i s t e n t with tha t observed. 'The 
in tegra l spectrum derived f r o m t h i s d i f f e r e n t i a l spectrum i s p l o t t e d 
i n Figure "> 4. 
The d i r e c t method, of deduct ion of a. momentum spectrum f r o m the 
observed, d e f l e c t i o n s "has been shown to be an i t e r a t i v e procedure 
w i t h H unique r e s u l t ; however, from the above i t may be seen that 
f o r smal l samples of data the method i s ve ry l i a b l e t o f l u c t u a t i o n . 
Whi l s t i n some cases i t could be the only a p p l i c a b l e method., care 
must be exerc i sed i n the i n t e r p r e t a t i o n of the r e s u l t s of t h i s 
procedure-
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5- i ! The spectrum as a f u n c t i o n of shower s ize and z e n i t h angle 
The vu.vis . t lon of « Ik- momentum spectrum of moons w i t h d i s t ance 
f rom the «iio-.«sr vfn*-- has been discussed above, and the evidence f o r 
s.:v/ v a r i a t i t . - ; •<i ;.h the. o the r EAS parameters w i l l now be presented. 
I n t h i s study the he.curA method desc r ibed above f o r the d e r i v a t i o n 
o f ft momentum spectrum, ma-it be used. as the d i s t r i b u t i o n s o f a r r i v a l 
d i r e c t i o n s are not ar o.u s ina i la r to those f o u n d f o r a no ima l sample 
o f eventr.. For t h i s reason the low energy co r rec t ions to the d e r i v e d 
spectra have not. been c a r r i e d out. 
5 - it, 1 The, v a r i a t i o n , w i t h z e n i t h angle 
I n secxior. > - 3 « l it* was noted t h a t no v a r j a t i o i i o f mean z e n i t h 
angle w i t h d e f l e c t i o n was observed, sugges t ing t h a t the observed 
d e f l e c t i o n spectrum i s no t s t r ong ly dependent upon z e n i t h angle . The 
d i s t r i b u t i o n s o f d e f l e c t i o n f o r the earns i n t e r v a l of d i s t ance and 
narrow bands of zenith, %ngie c o n f i r m t h i s , b u t , due t o the v a r i a t i o n 
o f the d i s t r i b u t i o n o f i n c i d e n t angle w i t h z e n i t h angle , t he 
momentum spectrum may v e i l va ry w i t h z e n i t h angle . 
The most populous spectrum, a t 300 m, was d i v i d e d i n t o two bands 
o 
o f z e n i t h angle a t 20 and the momentum spect ra de r ived f o r these 
bands. The spectre, were very s i m i l a r i n shape f o r momenta above 
about 5 GeV/c, a l t h o u g h they were somewhat a f f e c t e d by s t a t i s t i c a l 
f l u c t u a t i o n s . Below 5 C-eV/'c the spectrum f o r the more i n c l i n e d 
showers was cons iderab ly "lower thai", i n the v e r t i c a l showers* The. mean 
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•=• nergies o f th= two spectra were:-
0 ° < G < 2 0 ° p u c;,.l(3 GeV/c. 
2f.'- < 9 < a.0° p ™ 8 . 0 2 GeV/c 
7 h i ? <- f f - ' - i be a sc r ibed to an. s b s o r p t i o n of low energy muons 
by the e x t r a depth o f atmosphere pene t r a t ed by the mar? i n c l i n e d 
sh.ower=. .and t o a. loss o f low energy ir.uoas i n the magnet due t o an 
increase ir_ the th ickness o f i r o n presented t o i n c l i n e d muons, 
r e q u i r i n g a 10$ increase i n the energy of inuons t o pene t ra te the 
magnet. 
5 - i f . 2 The iAe* 5 
The d i s t r i b u t i o n of shower s ize f o r a iovers f a l l i n g w i t h i n a 
r e s t r i c t e d r e g i o n of d i s tance f r o m the spectrograph, i s q u i t e narrow., 
ranging from, about 7 x xO t o about o x 1 0 ' , In examining a. v a r i a t i o n 
w i t h shower s ize s i g n i f i c a n c e can only be r e t a i n e d I f only two 
i n t e r v a l s o f i-ize aire us-d . Showers f a i l i n g between. 200 m and 1*50 m 
f rc tn the spectrograph were used and they were d i v i d e d i n t o two bands 
7 
of s ize a t 3 x 1 0 ' . The d e f l e c t i o n spect ra f o r the two reg ions o f 
s ize were compared f o r the u s u a l d i s tance i n t e r v a l s , b u t the r e s u l t s 
o f these comparisons were i n c o n c l u s i v e , due to s t a t i s t i c a l f l u c t u a -
t i o n s . Thus f o r each d i s tance i n t e r v a l the numbers of p a r t i c l e s 
7 
above and below J x 1 0 ' were normal ized t o the same f i g u r e and, the 
r e s u l t a n t d i s t r i b u t i o n s of d e f l e c t i o n and angle o f incidence summed 
over a l l the i n t e r v a l s . 'Hie f i n a l d i s t r i b u t i o n s a re shown i n 
F igure 5 - 7 . The d i s t r i b u r i o n s o f i n c i d e n t angle are s l i g h t l y d i f f e r e n t 
FIGURE 5.7 
D i s t r i b u t i o n s o f d e f l e c t i o n and i n c i d e n t d i r e c t i o n 
f o r muons between 200 m and koO m f r o m the core 
7 
o f shovers g r e a t e r than and l e s s than 3 x 10 . 
20Ck<r<450M 
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"cut i r . su . f f i c i en t . l , y so t o a f f r - c t th* Tiomer.r.um spectra de r ived f r a n 
th r - i '^Pl-r i- ;o?: s p v r i r ? . , wh ich 5.re. s i m i l a r w i t h i n the s t a t i s t i c a l 
er r or.-. 
1% may 1 no. t - cov.cluded thai t h c . momentum spectrum of muons 
does nor. vary r . i ^ r . i f I c a r . t i y w i t h shower s i z e , over the r a t h e r 
i i ra i r .^d pangs exanii:;^ fu 
Di&ou?sioti of r e s u l t s 
Thfr d e t e r m i n a t i o n of the- momentum spect rum of muons i n 
extens ive a i r showe-rs a t Have rah Park has ranged f u r t h e r i n momentum 
and d.j stance f r o m the core ^han any p rev ious s t ud i e s . I t i s u s e f u l , 
however., to compare thA W s u i r s of t h e present experiment v i t h those 
obta ined p r e v i o u s l y . 
I n .Figure 5 . 8 the d e n s i t i e s of muons of momentum grea te r than 
rhre'r t h r e s h o l d valu.'- a at v a r i o u s d i s tances f r o m the core determined 
by absorpt ior . me thod.= by K> "«r.ov l 1 . 9 6 2 ) .and Bamave l l . e t 3 , 1 . (1965) 
are compared wi>.h tiv* l a t e r a l d is t r i b unions deduced f rom the momentum 
spHt.-tra mee.sured a t Have-rah Park. The p o i n t s are sca led t o a s ize 
of ?. x 1 0 u 3 i n g a value of a of 0- 85 f o r the r e s u l t s of Khrenov, 
t h i s be ing t h * value he measured, and using Q*j8 i n the case of 
B a r n a v e l i et a i . } who quote no v a r i a t i o n . I n a l l cases the d e n s i t i e s 
recorded f u r chest f rom che core are lower than i s suggested, by the 
present r e s u l t s . These p o i n t s a l l r e f e r to showers f a l l i n g outs ide 
the a r r ay , where care l o c a t i o n w i l l be ve ry poor , o f t e n l ead ing t o 
FIGURE 3.8 
Comparison o f the data of Khrenov ( 1 9 6 2 ) and 
B a r n a v e l i e t a l - ( 1 9 6 5 ) w i t h the l a t e r a l 
d i s t r i b u t i o n s d e r i v e d f r o m the present 
experiment . . A l l data sca led t o shower 
7 
s ize o f 2 x 10 p a r t i c l e s . 
10 
Khrenov(1962) 
* P= 5 GeV/c 
• P=10GeV/c 
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an over? f t mat-* of the show---; s i 2,* 3.:',d heni.^ an. underest imate of 
in'iori d - r i i l ' . y wh a n scalefl ».o a common ?ize» 
Cru':i !' ••'.-•acuremem or. the i n t e g r a l momentum spectra, of among a t 
v a r i o u s di:M-.nrv .• fmni th-- core have been 21e.de us ing a b s o r p t i o n 
techniques i r . civ- pac;. These measurements, vihich have been summarized 
by .Rochest^ r e-t -•!•> (1966), main ly g i v e r e s u l t s i n f a i r agreement 
w i t h t h~ pr? ~-r t -jr»»--c«. r--:.- They have _. however,, been overshadowed by 
the exp-r im- r.t o f Rennetr a.r/i O r - l ^ e n (1961) us ing a magnet spect ro-
graph o f .")«, d . B*!» equal ro ?0 Dev'/-.. The. res'Jits o f t h i s experiment are 
shown i n Figure L>9.- r.orms.li?ed a t 1 C-eV/c to the present i n t e g r a l 
momentum spec t ra . The p o i n t s ar 25 m f r o m the core e.re no t compared 
w i t h any 1 ir.e as a.n appropr i a t e spectrum ha.3 n o t been determined 
f rom the Havanh Park data ir . t h i s ana lys i s - Hovever, the spectrum 
i s n e a r l y unchanging w i t h d i s t ance a t these low d is tances f rom the 
core and. a comparison m«,y be made w i t h the shape o f t h e spectrum shown, 
a t ;j0 nu 
On? f u r t h e r experiment a u « t be mentioned, wh .tch suggests an energy 
spectrum of rnuons much s o f t e r than any other* De Beer e t a l . (1962), 
using the s c a t t e r i n g o f muons, f i n d an energy spectrum which i s 
unchanging f rom LOO m t o 300 m from the core and -which i s very much 
steeper than that found i n the p i e sent work. 
I n F i g ure r>-0; 11c a o a i t ion \o our r e s u l t s ol trie pre sent 
experiment , several, o the r de te rmina t 10ns of numbers of muons above 
a f i x e d muon energy -;..re. shown. The p o i n t s due t o Khrenov. Ore isen 
FI&UEE 5 . 9 
Comparisons o f the i n t e g r a l momentum spectra 
o f Bennett and. Greisen ( 1 9 6 1 ) w i t h those 
d e r i v e d f r o m the present study. A l l daUs 
7 
scaled t o shower s ize of 2 x 10 p a r t i c l e s . 
1 1 ' 1 — 1 
* 4 Bennett & Greisen 
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and Chatterjee el a l . are .-<-aled. according to the value of oc 
detean-i:" d r\- these work? respectively O.85, 0, 7 and 0, ^7. The 
result.r of n. r 1 1..-0 former groups appear consistent with the present 
work., as do-.- pi.irJ due !.o Barnavei.i et a l . , scaled using the 
present value of a .. 0.78. I f the results of Chatterjee et a.l. are 
scaled, as 0„ Jo- then agreement i s reached with the rest of the data. 
The lip" d<••'•• i V F d by Re.::/]-' 1 *. a.:_d Oreiserj. Is normalized to a size of 
?. x. 10 r using rhe vain-1 of a, 0. 75. which they ascertained. I t may 
be: seen that the number? of muons found, hi the present experiment is 
some Mr her than. i : found, by these authors. 
It has beer: found that the density of muons greater then p GeV/c 
at a distance r metr*-* from tne core of a shower of size N determined 
in th" pre '.--e *".t study can adequa'reiv be represented, by the formula. 
quoted, by Bennett and Or el. sen. suitably r-enoznialized.:--
. ,T > , 26 r ~ 0 ^ f s \ 0 ^ 3 , 1 f . ^ ^ - ° ' 3 7 A.. ( N, r • > p ) " 
7^ 
CHAPTER 6 
THEORETICAL .PREDICTIONS OF CHARACTERISTICS 
OF MUONS IN AIR SHOWERS 
6-lo Introduction 
The present experiment has determined the la tera l distribution 
in a i r showers of muons of momenta greater than .1 GeV/c over a range 
of distance from 10 m to 1100 m from the core and the variation with 
distance from the core of the momentum spectrum of muons between 
1 GeV/c and 100 GeV/c. I t has been shown that the present experimental 
results are supported by most previous experiments wherever these 
experiments can be compared. I t i s hoped by comparisons of the 
measured densities of muons with theoretical predictions based upon 
assumptions on the nature of the nuclear cascade to test the validity 
of these assumptions and thus derive information on the nuclear 
interactions at great energies and the nature of the primary 
particles ini t iat ing the a ir showers. 
6-2. Theories of the muon component of a i r showers 
Several groups have calculated the characteristics of the muon 
component of a i r showers. Some of these (Lai 19&7, Cowsik 1966) 
have concentrated their attention upon the longitudinal development 
of the shower and hence predict only the total momentum spectrum 
of a l l the muons in a shower of fixed primary energy. Their results 
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are in substantial agreement with the more detailed calculations to 
be described later and thus w i l l not be described here in detail . 
I t i s of interest to note that these workers suggest that the number 
of muons above several hundred GeV varies with shower size in a 
manner nearer to that given by the present work than that given 
by Chatterjee et al*(l966). 
Turning to theoretical studies of the la tera l distributions of 
muons in a i r showers, Hil las (1966) and de Beer et a l . ( l966, 1967), 
using models which are similar to each other, have predicted the 
densities of muons above fixed momenta in a shower. The detailed 
characteristics of these models are summarized in Table 6.1. An 
important feature which may be mentioned i s the treatment of the 
f i r s t interactions of the primary particle and the interactions of 
the early generations of pions. Hil las fixed the height of the 
-2 
f i r s t interaction at an. atmospheric depth of 100 gm cm , subsequent 
-2 
interactions taking place at 100 gm cm intervals. De Beer et a l . 
selected the point of interaction of the primary particle using a 
Monte-Carlo method. The pion cascade was sampled, for six pion 
-2 
energies, at six levels in the atmosphere, spaced 180 gm cm apart 
- 2 
and commencing 30 gm cm below the f i r s t interaction point. This 
matrix of pion energy and depth was interpolated using a 3rd order 
polynomial f i t to find the characteristics of any interaction of a 
particular energy. While Hil las considered only primary nucleons, 
de Beer et al.considered both primary protons and nuclei of mass 20; 
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TABLE 6.1 
CHARACTERISTICS OF AIR SHOWER MOIELS 
Parameter of model de Beer et a l . Hi l las Orford & Turver 
(2) 
Primary energy 6 x 10 GeV 
Q 
10 GeV 10 5 - 3xl08GeV (2xl0 8 ) 
Primary mass 1, 20 1 I - 5 6 (> 10) 
Fragmentat i on 
fraction see text -• 0.1 - 0.5 (0.22) 




80 gm cm 
0.5 
-2 
100 gm cm 
0 . 3 - 0 . 7 (0.5) 
-2 
70 - 90 gm cm (80) 
^nucleus (A) see text _ 205/(0.6+A T) 2 gm cm - 2 






120 gm cm 
1.0 
-2 
100 gm cm 
1.0 
-2 
120 gm cm 
n (1) s v ' 0.25, 0.5 (2x.I03 GeV) 
0.50 
( j x l O 3 GeV) 
0 . 1 - 1 . 0 (0.5) 
(3xl0 3 GeV) 
Distribution, of 
energy and p 
CKP 
p = 0. k GeV/c 
Br i s to l data 
P t - 0-55 GeV/c 
CKP 
p = 0. U-0.6 GeV/c (0.5) 
(1) The values quoted under 'n 1 are the exponents of the relation n s Ct e" above 
values of E quoted. Belov these energies the exponent i s 0.25. 
(2) Wide ranges of many parameters have been used by Orford and Turver to 
investigate the effect of these variations. The values f ina l ly used as most-
appropriate are shown in parentheses. The wide range of primary energy used was 
necessary to explain the data recorded in showers of a wide range of size. 
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showers initiated by a nucleus of mass A and energy E being considered 
as a superposition of A showers, each initiated by a proton of energy 
E/Ao 
A rather different approach is represented by the careful. Monte-
Carlo calculations of the nuclear cascade in small a i r showers by Bradt 
and Rappa.port (1967), and McCusker et a l (1968). These calculations, 
which y ie ld some information on the muon component, are limited to 
rather low primary energies because of the vast increases in computing 
time for larger energies. Similar considerations res tr ic t these studies 
to particles of energy above 50 GeV/c. Thus the interactions yielding 
the largest part of the muons studied by the present experiment are 
not considered and the ranges of momentum and distance covered are 
very restricted. 
6-2.1 Predications and comparisons with present work 
Hi l las presents the unnormalized integral momentum spectra at 
7 
various distances from the core of a shower of 2 x 10 particles . Three 
of these spectra are shown in Figure 6.1, compared with the spectra 
measured at distances near to those for the calculated spectra. The 
predicted spectra have been normalized to the observed densities at a, 
momentum of .1 GeV/ c. 
Ds Beer et a l . give lateral distributions for muons of momentum 
7 
These are shown in Figure 6. 2, normalized to a shower of size 2 x 10 
FIGURE 6. i ; 
Comparison of integral momentum spectra at three 
distances from the core of a shower of size 
2 x 10 with the predictions of Hi l las (1966). 
I — 1 1 r 
Key: * 1Q0M 
• 225M 
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Comparison of l a t e r a l d i s t r i b u t i o n s of muons above 
th ree t h r e s h o l d momenta, i n a shower of s ize 
7 
2 x 1.0 w i t h the d i s t r i b u t i o n s p r e d i c t e d by 
de Beer e t a l (1967). 
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using en s= 0.78. The experimenta.1 p o i n t s p l o t t e d are those d e r i v e d f r o m 
the present spectra.. 
From these two comparisons i t caji be seen t h a t w h i l s t a t low 
energies and moderate d is tances f r o m the core these t h e o r i e s p r e d i c t 
d e n s i t i e s q u i t e c lose t o the observed data , t h i s agreement i s not 
f o u n d a t la.rger momenta and d i s tances . I t can be seen that ,a .s the 
d i s tance f r o m the core increases , the momentum a t which t h i s divergence 
occurs decreases. 
Turning t o the study o f the d e n s i t i e s of ma oris o f momenta above 
1 GeV/c. the dependence on the shower s ize o f the t o t a l number of muons 
may be expected t o r e f l e c t any v a r i a t i o n w i t h energy o f the composi t ion 
of the pr imary cosmic r a y s , as an a i r shower i n i t i a t e d by a heavy 
nucleus o f g i v e n energy should c o n t a i n more muons of f i x e d energy than 
one i n i t i a t e d by a p r o t o n o f s i m i l a r energy. Adcock e t a l . (1968) have 
p r e d i c t e d the changes i n the dependence of t o t a l muon number on the 
shower s ize expected on the g a l a c t i c modula t ion model. These changes 
are l a r g e l y consequent upon f l u c t u a t i o n s of shower s ize . The f l u c t u a -
t i o n s i n the observed s ize parameter i n the present experiment , ^ ^ Q , 
are expected t o be much less than those i n the conven t iona l shower 
size and so the v a r i a t i o n s p r e d i c t e d by Adcock e t a l .may not be r e l e v a n t 
t o the present data. I n f a c t no s i g n i f i c a n t v a r i a t i o n of a has been 
h 8 
observed over a range of shower s ize f r a n 8 x 10 ' t o 3 x 10 . 
79 
6-2.2 Discuss ion of the comparisons o f t h e o r e t i c a l 
p red ic t - ion w i t h exper imenta l data 
At the I n t e r n a t i o n a l Conference on Cosmic Rays h e l d a t Calgary i n 
1967 Eamshaw e t a l . (1967c) presented momentum spectra based upon the 
data used i n the present a n a l y s i s , and noted d iscrepancies s i m i l a r t o 
those shown a.bove i n comparison w i t h t h e o r e t i c a l p red ic t ionse Since t h a t 
t ime the most searching r e - s c r u t i n y of the data, us ing the c r i t e r i a 
descr ibed i n Chapter c j , w h i l e b r i n g i n g t o l i g h t sane few dubious events , 
has f a i l e d t o r e v e a l any sources o f e r r o r s u f f i c i e n t t o account f o r 
these anomalous d e n s i t i e s . Despite the removal of these dubious events 
f r o m the body o f data , t he momentum spectra presented i n t h i s t h e s i s 
are very s i m i l a r t o those g iven a t Calgary. For example, the 300 m 
spectrum presented a t Calgary conta ined 559 p a r t i c l e s , of which k^> had 
d e f l e c t i o n s l e s s than 0. 72°. Seven of these low d e f l e c t i o n muons 
have been removed its dubious, causing the i n t e g r a l dens i ty of muons 
o f momentum, g rea te r than 100 GeV/c to be reduced by a f a c t o r o f two 
compared w i t h t h a t p r e v i o u s l y derived.. 
The models used i n the t h e o r e t i c a l analyses have been examined t o 
r e v e a l a,ny inaccurac ies which, may be inhe ren t i n these t rea tments . 
The anomalously h i g h ruuon d e n s i t i e s observed c o u l d be caused by e i t h e r 
a change i n the d i s t r i b u t i o n of t r ansverse momentum used, g i v i n g an 
increased mean p . , or an increase i n the e f f e c t i v e h e i g h t of o r i g i n 
of the muons f a l l i n g i n the r e l e v a n t reg ions o f momentum and d i s t ance . 
An a n a l y s i s of the angu la r d e v i a t i o n s o f muons f r o m the core l e d t o 
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s.n e x p l a n a t i o n o f these anomalous muon i n t e n s i t i e s i n v o l v i n g l a rge 
t ransverse momentum (Earnshaw e t a l .1967b). The c a l c u l a t i o n o f the 
d i s t r i b u t i o n s o f the angula.r d e v i a t i o n s used i n t h i s p r e l i m i n a r y a.nalysis 
was rather s imple , the d i r e c t i o n s o f mot ion o f a l l the muons i n a. shower 
be ing considered,. A recent t h e o r e t i c a l t rea tment o f the angular 
d e v i a t i o n s o f muons observed a t a f i x e d dis tance f rom the core suggests 
t h a t the observed d i r e c t i o n s o f mot ion can be accounted f o r w i t h e the 
necess i ty o f i n v o k i n g l a r g e t ransverse moment urn. A. f u l l account of 
these new c a l c u l a t i o n s w i l l be presented i n Chapter 7-
• A new model of the muon component 
A. new model o f the muon component of a i r showers has been evolved 
by O r f o r d and Turver (1968). This c a l c u l a t i o n was i n i t i a t e d t o account 
f o r the muon d e n s i t i e s a t a momentum of 100 GeV/c and a t d i s tances f r o m 
the core g rea t e r than 100 m. P r e l i m i n a r y c a l c u l a t i o n s showed t h a t 
muons i n t h i s region, of momentum and d i s tance o r i g i n a t e i n the f i r s t 
few i n t e r a c t i o n s , and, i n pa.r t icu. lar , t h a t i t i s necessary t o examine 
the casca,de above an a l t i t u d e o f 10 km a c c u r a t e l y . To check t h a t 
the model parameters necessary t o g i v e the observed muon d e n s i t i e s a t 
a momentum o f 100 GeV/c do not d i s t o r t the r e s t of the shower, the 
c a l c u l a t i o n s must be cont inued t o sea l e v e l approximate ly . This 
approximate t rea tment must mean t h a t a t d i s tances l e s s than 100 m and 
momenta, l e ss tha.in 100 GeV/c the p r e d i c t e d muon d e n s i t i e s are not-
expected t o be as accurate as the range o f momentum and d is tance 
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covered by the f i r s t p a r t of the c a l c u l a t i o n s . An a . l t i t u d e of 10 km 
-2 
i s equ iva len t t o a. depth of 260 gm cm f o r a v e r t i c a l shower and hence 
\ t 
the de te . i l ed ca3 c u l a t i o n s must cover the f i r s t th ree nuc l ea r i n t e r a c t i o n 
l eng ths . 
The method used i n t h i s upper p o r t i o n of the atmosphere i s t h a t o f 
successive c o l l i s i o n s . I t i s f o u n d , t a k i n g the casca.de t o the t h i r d 
secondary i n t e r a c t i o n , t h a t p r a c t i c a l l y the t o t a l muon d e n s i t i e s a t a 
momentum of 100 GeV/c can be accounted f o r . The numer ica l va lues o f the 
v a r i o u s parameters used are shown i n Table 6 .1 . Below 10 krn f i x e d 
i n t e r a c t i o n l e v e l s are used, the nuc lea r i n t e r a c t i o n mean f r e e paths 
f o r the va r ious types of p a r t i c l e be ing shown i n Table 6 . 1 . Throughout, 
f u l l account has been taken o f the decay of p ions and the energy l o s s 
and decay of muons. 
Both pion and 'kaon secondaries have been considered, the muon 
i n t e n s i t i e s be ing somewhat l a r g e r f o r the l a t t e r case. The K/it r a t i o 
has been taken as 0$ i n most of the c a l c u l a t i o n s , y i e l d i n g under-
es t imates o f the muon d e n s i t i e s ; seme work has been done f o r a va lue 
of 25$> t o i n v e s t i g a t e the charge r a t i o . 
6-3.1 Comparisons o f the p r e d i c t i o n s of the model 
w i t h exper imenta l data 1 
As indicated, above, wide ranges of many pa.ra,meters have been used 
i n the t h e o r e t i c a l approach. I t has been found t h a t the momentum 
spectra o f muons a t l a rge d i s tances f r o m t h e core depend ve ry s t r o n g l y 
FIGUHE 6-3 
Comparison o f the d i f f e r e n t i a l momentum spectra of 
muons a t th ree d i s tances f r o m the core o f a shower 
7 
o f s ize 2 x 10 w i t h the p r e d i c t i o n s f o r s. shower 
i n i t i a t e d by a pr imary nucleus (energy 2 x 10 GeV) 
having mass 20 when the m u l t i p l i c i t y v a r i e s as 
E^*^ f o r energies above 3 x 10^ GeV-
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FIGURE 6.k 
A comparison of the l a t e r a l d i s t r i b u t i o n of muons 
of momentum g r e a t e r than 1 GeV/c w i t h the 
d i s t r i b u t i o n s p r e d i c t e d f o r p r imary n u c l e i o f 
masses 20 and 1. 
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upon the r a t e of degradat Lon o f the energy of the p a r t i c l e s of the 
nuc lear cascade I n the atmosphere. This r a t e i s r e l a t e d c l o s e l y 
t o bo th the mass o f the pr imary p a r t i c l e (A) and the m u l t i p l i c i t y of 
p ions formed i n the nuc lea r i n t e r a c t i o n s ( n ^ ) . 
A f t e r a c o n s i d e r a t i o n o f a v i d e range of p o s s i b i l i t i e s , i t i s 
concluded by O r f o r d and Turver (.1968) t h a t the most l i k e l y va lues 
of the two parameters are a mass g rea te r than 10 (taken as 20) and a. 
0 2^ 
m u l t i p l i c i t y which v a r i e s a s ( E ) ° f o r energy ( E ) l e s s than. 
3 x .10 GeV s.nd as (E)"° f o r g rea te r energies . With a primary nucleus 
of t o t a l energy 2 x 10*" GeV, these values g ive an adequate representa-
t i o n of the spectra determined expe r imen ta l l y (Figure 6.3)0 
The v a r i a t i o n of the muon -momentum spectrum w i t h z e n i t h angle has 
been examined e x p e r i m e n t a l l y a t 300 m f r o m the core. The changing 
spect ra have mean momenta which can be compared w i t h the p r e d i c t i o n s 
of t h i s model £ 
0 < e < 20 0 20 < e < ko° 
experiment 5.^3 GeV/c 8.02 GeV/c 
theory 5.^1 GeV'/c 7-39 GeV/c 
This agreement suggests t h a t the c a l c u l a t e d shower behaves r e a l i s t i c a l l y 
as the z e n i t h angle v a r i e s . 
I n t e g r a t i o n o f the d i f f e r e n t i a l spect ra at- d i f f e r e n t d i s tances 
f r o m the core y i e l d s the. l a t e r a l d i s t r i b u t i o n o f muons o f momentum 
above 1 GeV/c. I n F igure b.k- the exper imenta l d e n s i t i e s are compared 
w i t h those expected i n a shower i n i t i a t e d by a prima.ry p a r t i c l e of ma.ss 
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20 hav ing energy 2 x 10 GeV. A l s o shown are the d e n s i t i e s f o r a 
p r o t o n i n i t i a t e d shower of s i m i l a r energy normal ized a t d i s tances 
about 300 m. I n both cases the m u l t i p l i c i t y v a r i e d e,s E ° ° ^ f o r l a rge 
energies . The d e n s i t i e s p r e d i c t e d f o r d i s tances l ess than about 
100 m s.re much h igher than those observed, as the mode], used cannot 
a.dequately describe t h i s r eg ion . At a d is tance of s,bout 1 km, the 
d i f f e r e n c e between the two predicted d i s t r i b u t i o n s be canes a.pprecia.ble, 
the observed d e n s i t i e s l y i n g c lose r t o the d e n s i t i e s predic ted , f o r 
the case of the heavy pr imary p a r t i c l e . 
The l a c k o f agreement between the p r e d i c t e d v a r i a t i o n o f dependence 
of muon number on the shower s ize and the observed dependence has been 
a sc r ibed t o an absence of f l u c t u a t i o n i n E ^ Q Q . Thus i t was though.t 
u s e f u l t o p r e d i c t the expected muon d e n s i t i e s a t 300 m f rom the .core 
of showers o f s izes equal t o the means o f the bands of s ize used i n 
the ana.lysis o f the muon d e n s i t i e s (Chapter h) t o examine the p o s s i b i l i t y 
of checking the v a r i a t i o n of primary mass w i t h energy. For each band 
o f shower s ize the mea,n size (N) and the d is tance ( r ) cha . rac ter i . s t ic 
of the recorded showers were determined. By a conside.ra.tion of the 
i 
v a r i a t i o n o f the mass composi t ion of the pr imary p a r t i c l e s w i t h shower 
s i ze (Brs.y e t a l .1966) an e f f e c t i v e mass (A) can be a s c r ibed t o the 
shower s i ze . The energy (E) of a. nucleon g i v i n g a shower a t sea 
l e v e l c o n t a i n i n g Jj/A p a . r t i c l e s wa.s f o u n d f r o m the c a l c u l a t i o n s of 
de Beer e t a l . (1966) f o r the model, (model I I I ) c loses t t o t h a t used, i n 
the present t h e o r e t i c a l work, primary energy be ing cor re la ted , t o shower 
FIGURE 6.5 
A comparison of the d e n s i t i e s of muons of momentum 
g rea t e r than 1 GeV/c a t 300 m f r o m the c ores o f 
showers o f va r ious s izes w i t h the values p r e d i c t e d 
f o r a modulated pr imary mass composition., 
The p o i n t s w i t h o u t e r r o r bars are the p r e d i c t e d 
va lues . 
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sis.a- f o r primary protons o f f i x e d energy. Muon d e n s i t i e s a t a d i s tance 
r f r o m the. core of a shower i n i t i a t e d by a primary p a r t i c l e of mass A 
and energy E y. A v/er--i c a l c u l a t e d and then scaled t o 300 m f rom the 
core, using, the sliap-f of Gre i sen ' s ( 1 9 6 0 ) l a t e r a l d i s t r i b u t i o n . The 
d e n s i t i e s so determined were l arger by s. f ac tor of about %-vo than those 
observed f o r 5 0 0 m showers. This i s a t t r i b u t e d t o the convers ion o f 
shower s ize to primary energy f o r p a r t i c l e s of f i x e d energy;: w h i l s t 
the arrays a t Haverah Park measure a q u a n t i t y , E ^ Q Q , thought t o be 
c l o s e l y connected t o primary energy, a convers ion of F-^ QO t o s ^ o w e r 
s ize by 3. comparison of .rates (Cha.pter 2.) must n e c e s s a r i l y r e s u l t i n 
r 
the shower s ize a t t r ibuted t o a shower being the s ize equ iva l en t t o 
the. primary energy f o r showers of f i x e d s i ze . A l though de Beer e t a l . 
do not plot- a. r e l a t i o n between energy and*shower s i ze f o r model I I I , 
they do give the two cases of f i x e d energy and f i x e d s ize f o r a r a t h e r 
d i f f e r e n t model. Assuming t h a t the two cases are s i m i l a r l y r e l a t e d 
f o r the two models, the d i f f e r e n c e between these two cases i s s u f f i c i e n t 
t o explain the discrepancy between the d e n s i t i e s p r e d i c t e d and those 
observed. The p r e d i c t e d d e n s i t i e s have been normal ized to f i t the 
observations i n the r e g i o n of s ize covered by the 5 0 0 m a r r ay . I n 
.Figure 6.5 the p r e d i c t i o n s are shown comps.red w i t h the. observed 
d e n s i t i e s . For shower s izes above 2 x 10 p a r t i c l e s the agreement i s 
ve ry good, but below t h i s s ize the p r e d i c t e d d e n s i t i e s are l a r g e r than 
those observed. The;'- l a t t e r cases are those f o r which the d i s tance r 
was l ess than 100 m. A f u l l i n v e s t i g a t i o n of the v a r i a t i o n o f the muon 
numbers w i t h shower s ize must awa.it r e f inement of the model t o t r ea t 
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FIGURE 6.6 
D i s t r i b u t i o n s of h e i g h t o f o r i g i n of muons, p r e d i c t e d 
us ing the ' b e s t 1 va lues of p r imary .mass and 
m u l t i p l i e i t y . 
( a ) V a r i a t i o n i n the d i s t r i b u t i o n w i t h rauon momentum 
f o r a f i x e d d is tance . The dotted, l i n e s i n d i c a t e 
the c o n t r i b u t i o n s t o the d i s t r i b u t i o n s f rom the 
upper p o r t i o n of the c a l c u l a t e d cascade. 
( b ) V a r i a t i o n i n the d i s t r i b u t i o n w i t h d is tance f o r 
a f i x e d muon momentum. The d o t t e d l i n e s 
represent the d i s t r i b u t i o n s suggested by H i l l a s 
(1966) f o r muons, of about 3 GeV/c momentum, 
200 m and 600 m f rom the core. These d i s t r i b u t i o n s 
-2 
have been normal ized a t he igh t s about J00 gm cm 
r=300M 
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FIGURE 6.7 
The dependence of the he igh t d i s t r i b u t i o n f o r 
f i x e d muon momentum and d is tance on the values 
o f p r imary mass and m u l t i p l i c i t y (A, n ) . The 
s 
c o n t r i b u t i o n s f r cm the f i r s t th ree i n t e r a c t i o n s 






P-5 i i > 0 500 1000 0 500 1000 0) 
CM 
y> -2 0; (20,0.25) (20,0.50) 
_J 
I I I I I I I I I 0 500 1000 0 500 1000 
Height (gm cm-2 ) 
86 
p l o t t e d f o r A of :i end 20.and n p r o p o r t i o n a l to F.'* and E f o r 
s • 
energies *>,v-- than. 3 x 10" GeV. Some considerable v a r i a t i o n i n the 
distri .bur.ioa.-. is ---vldent the p o s s i b i l i t y o f e x p e r i m e n t a l l y d i s t i n g u i s h -
ing between them w i l l be d iscussed i n the f o l l o w i n g chapter . 
6-k* Conelusions 
The measured d e n s i t i e s of inuons above va r ious t h r e s h o l d energies are 
seen to be incompat ib le w i t h the simple t h e o r i e s of the muon component. 
They can, however, be adequately accounted f o r by the p r e d i c t i o n s of a, 
more r i g o r o u s t reatment of the upper p o r t i o n of the cascade toge the r 
w i t h an approximate t reatment c.f the lower p a r t , i f the mass of the 
p r imary p e . r t i e l s s i n i t i a t i n g the a i r showers i s g rea te r than 10 and i f 
0.5 
the m u l t i p l i c i t y o f p ions va r i e s w i t h energy as E above an energy 
o f 3 x .10^  GeV. These assumptions have been shown not t o d i s t o r t the 
o ther c h a r a c t e r i s t i c s of the shower f rom those observed. This model, 
together w i t h va r ious o ther combinations of the pr imary mass and 
m u l t i p l i c i t y , has been used t o p r e d i c t d i s t r i b u t i o n s of he igh t s of 
o r i g i n of muons o f va r ious momenta a t v a r i o u s d is tances f rom the core. 
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CHAPTER 7 
THE HEIGHTS OF ORIGIN OF MUONS ajBAS 
7-1. fcrtroductlo/j. 
The h e i g h t s o f o r i g i n of the muons present i n a i r showers are o f 
great- i n t e r e s t i n t h a t these he igh t s r e f l e c t the development o f the 
nuc lear cascade. I f the p a r t i c l e i n i t i a t i n g the shower i s of large, mass, 
the p a r t i c l e w i l l , i n t e r a c t h ighe r i n the atmosphere than i s the case f o r 
a p ro ton p r imary of s i m i l a r energy, due t o a r e d u c t i o n i n the nuc lea r 
i n t e r a c t i o n l e n g t h . Thus the muons, e s p e c i a l l y those of h i g h energy, i n 
such a. shower should o r i g i n a t e h ighe r i n the atmosphere. Fur ther i t i s 
hoped tha t a knovlt-du," of the p r o d u c t i o n h e i g h t d i s t r i b u t i o n of muons 
of a g iven energy w i l l enable an e s t i m a t i o n of the c h a r a c t e r i s t i c s of 
the nuc lear cascade tc- be made f r o m a d i f f e r e n t s tandpoint t o t h a t taken 
i n the study of the l a t e r a l d i s t r i b u t i o n s of the muons. 
Mi l i e some etu-juaafcea of the average h e i g h t o f p r o d u c t i o n of a l l the 
muons i n a shower or o f muons a t a, g iven d i s tance f r o m the core have 
been made p r e v i o u s l y , a d e f e c t common t o a l l these measurements i s a 
l a c k of knowledge o f the energy of the muons. Fran the above considera-
t i o n s such a knov.led.ge would g r e a t l y enhance the va lue of any determina-
t i o n of the he igh t s of o r i g i n . 
Two q u i t e d i f f e r e n t methods of e s t i m a t i o n of the he igh t s of o r i g i n 
of muons have been used f o r the 500 in data i n the present experiment 
namely, 
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(1) the geomagnetic d i s t o r t i o n of the l a t e r a l d i s t r i b u t i o n s of 
muons ( f o l l o w i n g a suggest ion by Somogyi (1966)), 
(2) the d i r e c t i o n s of mot ion o f muons w i t h i n a shower, due t o the. 
t ransverse momentum imparted t o the parent p a r t i c l e s on p r o d u c t i o n . 
Each o f these approaches has been used t o determine the average h e i g h t 
of p r o d u c t i o n f o r muons of g iven momentum and t o t e s t va.rious assumed 
d i s t r i b u t i o n s o f he igh t s of p r o d u c t i o n p r e d i c t e d us ing the model of 
O r f o r d and Turver (1968). 
7-2, The geomagnetic d e f l e c t i o n of muons 
As an a i r shower develops the geomagnetic f i e l d d i sp laces p a r t i c l e s 
of opposi te e l e c t r i c charge i n opposed d i r e c t i o n s , depending on the a n g l 
of the shower w i t h respec t t o the f i e l d . The muons, hav ing a l ong 
und i s tu rbed pa th l e n g t h i n the f i e l d , d i s p l a y l a r g e d e f l e c t i o n s . The 
e lec t romagne t i c component, on the o ther hand, spends h a l f the t ime as 
uncharged photons and the o ther h a l f e q u a l l y as p o s i t i v e and nega t ive 
e l e c t r o n s , and thus shows a much smal ler e f f e c t when observed a t sea 
l e v e l , the main c o n t r i b u t i o n coming f r o m the l a s t r a d i a t i o n l e n g t h of 
the atmosphere, where the energy o f the p a r t i c l e s i s lowest (Oren 1959; 
Cocconi 196l). 
I n showers i n c i d e n t f r o m the n o r t h and f a l l i n g t o t h e west o f the 
spectrograph the observed dens i t y of p o s i t i v e muons w i l l be enhanced 
as they are d i s p l a c e d towards the spectrograph. The geomagnetic 
displacements and the r e s u l t a n t expected charge r a t i o s may be c a l c u l a t e d 
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f o r aiuonR of various momenta o r i g i n a t i n g a t f i x e d h e i g h t s i n showers 
i n c i d e n t fro;:! various d i r e c t i o n s . These c a l c u l a t e d charge ra.ti.os may-
then be compared w i t h those observed. This method r e l i e s upon a 
knowledge o f the u n d i s t o r t e d charge r a t i o of the muons in a i r showers, 
which has been e s t a b l i s h e d by Or ford e t a l . (1967) as ind. is t inguisha.ble 
f r o m u n i t y in the range of momentum and distance, considered, he r s . The 
charge ra t i o s observed f o r showers f a l l i n g between 1.00 m and 600 m of 
the spectrograph f o r the bands of momentum used are shown i n Table 7«2.; 
they do not va ry much f o r smaller bands of distance w i t h i n t h i s large 
band. 
P r e l i m i n a r y r e s u l t s on the deduction of h e i g h t s of o r i g i n us ing 
the geomagnetic e f f e c t were presented by Orford e t a l . (1967). 
7-2.1 The d e r i v a t i o n o f mean h e i g h t s of p r o d u c t i o n 
The d e f l e c t i o n ( d r ) o f a muon o r i g i n a t i n g a t a. f i x e d l e v e l i n the 
atmosphere i n a shower a r r i v i n g f rom a g i v e n d i r e c t i o n mav be f o u n d by 
the method o u t l i n e d i n Appendix B and the mean d i s tance ( r ) of the 
spectrograph f r o m the a.xis of the shower determined f r o m the observed 
events f o r the bands o f momentui.11 considered (Appendix A ) . The 
d e f l e c t i o n s were computed f o r momenta corresponding t o the means o f 
these bands. 
Using the observed l a t e r a l d i s t r i b u t i o n o f muons of momenta, w i t h i n 
these bands as a s u f f i c i e n t approx imat ion t o t h a t which would he 
observed, i n the absence of any geomagnetic f i e l d , the d e n s i t i e s o f 
muons a t ( r ± d r ) may be f o u n d , corresponding t o the d e n s i t i e s a t the 
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spectrograph of rations of opposite: e l e c t r i c charge i n a shower f a l l i n g 
a t a. d is tance r . Th i s leads d i r e c t l y t o an es t imate of the expected 
charge r a t i o of inuons o r i g i n a t i n g a t a p r e s c r i b e d h e i g h t i n a shower 
i n c i d e n t f r o m the f i x e d d i r e c t i o n . As an i l l u s t r a t i o n , t h e charge r a t i o s 
expected f o r muons of v a r i o u s momenta o r i g i n a t i n g a t va r ious he igh t s are 
shown i n Table 7.1 f o r showers f a l l i n g t o the west o f the spectrograph 
and i n c i d e n t w i t h the observed d i s t r i b u t i o n of azimuth and z e n i t h angles 
up t o 1|0°, the charge r a t i o s o f showers w i t h z e n i t h angles g rea t e r than 
20° i n c i d e n t f r o m the southern hemisphere be ing reversed and added to 
the t o t a l e f f e c t * A comparison of the observed charge r a t i o s w i t h 
those p r e d i c t e d f o r var ious h e i g h t s enables a va lue o f the he igh t o f 
o r i g i n of the muons t o be deduced. Tnis average h e i g h t of o r i g i n 
corresponds t o the mean a l t i t u d e o f p roduc t ion r a t h e r than the mean 
atmospheric depth. 
For the bands w i t h mean momentum, l ess than 10 GeV/c, the use of 
the mean momentum of the bands has bean shown t o e n t a i l a s l i g h t under-
e s t i m a t i o n o f the expected charge r a t i o f o r a g iven "height of o r i g i n 
compared w i t h t h a t computed us ing the d i s t r i b u t i o n s o f momentum^ A.n 
exact f i g u r e f o r t h i s e f f e c t i s not easy t o a r r i v e a t , but i t may be 
sa id t h a t the e f f e c t increases w i t h i nc reas ing h e i g h t , being l ess than 
a 2$ increase i n the r a t i o s computed f o r he igh t s of o r i g i n of 
-2 - 2 
kOO gm cm and l ess than a 5$ increase f o r 700 gm crrf . This e r r o r 
i n the a n a l y s i s has been neglec ted in the present work. 
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7-2.2 The mean he igh t s of o r i g i n 
From the f o u r f o l d nature of the a r r a y a l l but the l a r g e s t showers 
w i l l be de tec ted p r e f e r e n t i a l l y i n three areas, each l y i n g between two 
of the outer huts ( S u r i 1966). A c o n s i d e r a t i o n of the d i r e c t i o n s of 
the coord ina te system used a t Haverah Park (Figure 2 . l ) shows t h a t 
one such lobe may be c h a r a c t e r i z e d by X Y " and the other two may be 
d e f i n e d a s 'X*Y + and X*Y r e s p e c t i v e l y . For each of these areas there 
are i n c i d e n t d i r e c t i o n s which l ead t o a d i s t o r t i o n of the charge r a t i o 
of muons a t the spectrograph, and thus reg ions of a space G(X,Y,8.<fr) 
may be d e f i n e d i n which marked charge r a t i o s are expected. I n t e r v a l s 
of X and Y are as s p e c i f i e d above, z e n i t h angle being broken down 
i n t o two c e l l s above and below 20° ( the angle o f d i p a t Haverah Park 
being 21.5°)1 and azimuth being subdiv ided by 45° i n t e r v a l s cent red 
about the e i g h t p r i n c i p a l p o i n t s of the compass. The s t a t i s t i c a l 
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weight of each c e l l of G i s r a the r low and thus i t i s u s e f u l t o group 
the observat ions toge the r whenever p o s s i b l e . 
For showers f a l l i n g i n the X r e g i o n f r o m a l l d i r e c t i o n s 
( reg ion 1 of G) , the y component of d r (dy) cancels and only the 
x component (dx ) need be considered. P o s i t i v e muons i n showers f a l l i n g 
f r o m a l l . d i r e c t i o n s are d e f l e c t e d i n the same sense, except those f a l l i n g 
w i t h z e n i t h angles g rea t e r than the angle of d i p and a r r i v i n g f rom the 
southern hemisphere. The expected charge r a t i o s f o r these showers are 
opposed t o those f o r the r e s t a.nd thus may be i n v e r t e d i n bo th observa-
t i o n a.nd p r e d i c t i o n and added t o the other c e l l s o f z e n i t h angle and 
azimuth t o enhance the s t a t i s t i c a l weight . The mean dx i s determined 
f o r a . l l the c e l l s o f G f a l l i n g i n r e g i o n 1 and the d e n s i t i e s of p o s i t i v e 
a.nd. negat ive muons a t the spectrograph i n the average shower determined. 
The rad ius v e c t o r f r o m the spectrograph t o the average p o i n t o f impact 
of these showers i s d i r e c t e d a long the x a x i s . The expected charge 
r a t i o s are found f o r the var ious he igh t s of o r i g i n and compared w i t h 
the expe r imen ta l l y observed va lue . 
+ + + -
For the regions X Y and X Y , showers i n c i d e n t f r o m the east a.nd 
west s u f f e r dy o n l y , p o s i t i v e muons f r o m the two d i r e c t i o n s being 
d e f l e c t e d i n opposi te d i r e c t i o n s . The r e g i o n X'Y shows a charge 
d i s t o r t i o n f o r showers i n c i d e n t f r o m the east i n the sa.me sense as 
the r e g i o n X +Y f o r showers f rom the west, and v i c e versa . S u i t a b l y 
combined p r e d i c t i o n s f o r these regions may be compared w i t h exper imenta l 
data s u i t a b l y combined t o der ive the he igh t s of o r i g i n ( r e g i o n 2 of G) . 
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I n i.he case, of these two lobes , however, the radius vec to r f rom the 
speet-roarath : o the average p o i n t of impact of the core i s o r i e n t e d a t 
60° t o the > ;-! . :•: .arid, thus the p r e d i c t e d d e f l e c t i o n s must be p r o j e c t e d 
onto th i= . d i r e c t i o n t o f i n d the expected d e n s i t i e s of muons. 
Muons i n showers incident i n these two lobes f rom the nor th -eas t and. 
nor th-west have e f f e c t i v e both dx and dy, g i v i n g dr o r i e n t e d a long or 
normal to the radius v e c t o r of the average p o i n t of impact o f the 
showers f rom the spectrograph. Only those reg ions of G which g ive dr 
along, r have been used to es t imate the heights of o r i g i n ( r eg ion 3 of 
G). Other incident , d i r e c t i o n s or combinations of d i r e c t i o n s have less 
c l e a r - c u t e f f e c t s or l e s s s i g n i f i c a n t numbers of p a r t i c l e s and thus have 
not been considered. 
Thus f o r each momentum band th ree estimates of the average he igh t 
of o r i g i n have been found, each c a r r y i n g a weight dependent upon the 
number o f p a r t i c l e s observed. These he igh t s of o r i g i n are shown i n 
Table 7» 2 f o r the ind iv idual r eg ions of G and i n Figure 7-1 they are 
p l o t t e d , as the weighted mean values w i t h the standard e r r o r s of these 
means indicated. . The h o r i z o n t a l e r r o r bars g i v e a.n i n d i c a t i o n , of the 
spread i n the bands of momentum used. 
For muons of mea.n momentum h5 GeV/c, the two s i g n i f i c a n t observed 
charge r a t i o s are very l a rge indeed, and the c a l c u l a t e d d e f l e c t i o n s 
f o r he ights o f o r i g i n as h i g h as 900 gm cm are i n s u f f i c i e n t to 
e x p l a i n them. The t h i r d r a t i o , of u n i t y , i s o f much smaller weight 
than the other two. I t i s thought from t h i s i n t e r p r e t a t i o n of the data 
9^  
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d i s t o r t i o n by 
e a r t h ' s f i e l d 
1.6.1 5 20 .1.02 ± 0.08 1 122 .108 275 1.333 ± 0.105 
2 65 520 
3 8 25 600 
5.25 2.80 1,05 ± 0.07 '1 .188 155 500 1.200 : i O.O85 
2 9k 78 420 
3 22 2k 300 
6,6.1 270 1.06 ± o .n 1 Ik 61 600 1.293 ± 0.159 
2 31 21 720 
3 10 111- 570 
l i u 93 2>i0 i . i o ± 0.16 -, 35 30 710 1.205 ± 0.20^ 
2 lk .11 750 
3 3 lv 680 
0.96 ± 0.16 .L 33 22 ~ 1000 1.750 ± 0.222 
2 20 7 1000 
3 < 250 
t ha t muons o f these energies a t t he d is tances i n v o l v e d o r i g i n a t e ve ry 
h igh indeed i n the atmosphere, b u t , a s no f i r m es t imate of he igh t can be 
made, only a l o v e r l i m i t o f the mean he igh t i s p l o t t e d i n Figure J. 1 
f o r t h i s momentum. The theore t i ca l considerations of the p rev ious 
chapter suggest t h a t muons of t h i s momentum f a i l i n g a t 300 m f rom the 
core o r i g i n a t e above about 930 gm cm . The average h e i g h t of o r i g i n 
would be rather lower than t h i s f o r .muons a t 225 m f rom the core. 
FIGURE 7 . 1 
Weighted mean he igh t s o f o r i g i n of muons of v a r i o u s 
momenta d e r i v e d us ing the geomagnetic d e f l e c t i o n 
o f muons (x). Mean he igh t s of o r i g i n de r ived f rom 
the angular d e v i a t i o n s o f muons f r o m the shower 
d i r e c t i o n s ( o j . The lower l i m i t p l o t t e d a t a mean 
muon momentum o f 45 GeV/c i s d e r i v e d us ing the 
geomagnetic e f f e c t . The s o l i d l i n e shown represents 
the mean he igh t s of o r i g i n o f muons a t 500 m f rom 
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The weighted mean height of o r i g i n of a l l the muons observed i s 
5I1.7 i 5 1 gm c&^i f o r muons f a l l i n g a t an average distance of 2 7 0 in 
7 
from the core of a, shower of average size 2 x. 1 0 ' . 
The a,bove mean values of height of o r i g i n may be compared wi th 
those expected on theore t ica l grounds^ i t i s also possible to calculate 
the mean charge d i s t o r t i o n over the regions of G used a,bove f o r a given 
height d i s t r i b u t i o n and t o cornpa,re t h i s with the t o t a l observed charge 
r a t i o , as more meaningful errors can be attached to t h i s l a t t e r quant i ty . 
Section 7 - 5 contains an account of t h i s work. The mean heights of o r i g i n 
( i n km) predicted using the Orford and Turver ( 1 9 6 8 ) model,for a shower 
i n i t i a t e d by a primary p a r t i c l e of mass 2 0 when the m u l t i p l i c i t y of 
0 . 5 
pions va,ries as E ' . are shown i n Figure 7 - 1 compared wi th the 
measured values. At large momenta the agreement with, observation i s 
sa t i s fac tory , but f o r lower values the predicted heights are rather 
lower than those observed. The differences between the predicted and 
observed heights of o r i g i n w i l l be discussed l a t e r . 
7 - 5 Angular deviations of muons from the core d i r ec t ion 
A muon observed in an a i r shower i s the product of the decay of an 
unstable p a r t i c l e produced in a nuclear in te rac t ion i n the core, and 
thus originates from a height (h) wi th some value of transverse 
momentum ( p + ) . For a muon whose parent had long i tud ina l momentum p 
i n the lab system, t h i s transverse momentum, gives r i se to an angular 
deviation from the core (Q) where 
tan U ss ;p x/p ( 'J. 1 ) 
Li 
FIGURE 7 . 2 
Typical angular deviations frctn the core caused 
by the several f ac to r s , as a func t ion of momentum 
f o r two heights of o r i g i n . See t ex t f o r key. 
500 gm cm-2 
us 0 0 
<D 
0) 





a.nd due to th is angular deviat ion the muon w i l l be displaced l a t e r a l l y 
from the core, by a distance r given by 
tan a = r / h (T» 2 ) 
H i l l a s ( . 1 9 6 6 ) has confirmed theore t i ca l ly the experimental demonstration 
by Ear l ( 1 9 5 9 ) that the value of r determined by the opening angle of 
production i s not on average very d i f f e r e n t from that ac tua l ly observed, 
as e f f e c t s such as geomagnetic de f l ec t ion and Coulomb scattering are 
r e l a t i v e l y small. Thus, i n the absence of any complicating f ac to r s , 
observations of Q and r a.re s u f f i c i e n t to determine h. From the measured 
d i rec t ion of the muon i n the measuring plane of the spectrograph ejid the 
incident d i r ec t i on of the shower axis projected in to t h i s plane, a, value 
of 0, the angular deviat ion of the muon from the core, s imi l a r ly 
projected, can be determined. Any subsequent references to a.ngles w i l l 
imply such p ro jec t ion unless otherwise stated. Using the appropriately 
projected value of dista.nce from the core, r , the height of o r i g i n of 
the muon may be estimated (Appendix C). 
However, there are several e f f ec t s which a l t e r the d i r ec t i on of 
motion of the muon a f t e r production, including the decay of the pa,rent 
p a r t i c l e , Coulomb scattering both i n the a i r and i n the lead shielding 
of the spectrograph, and. the geomagnetic de f l ec t ion of the muon. A 
f u r t h e r f a c t o r which a f f e c t s the measured angular deviat ion of muons 
from the core d i r ec t ion i s the er ror i n determining t h i s deviat ion. The 
magnitudesof these e f f e c t s > r e l a t i v e to the opening angle of product ion, 
as a f u n c t i o n of momentum a.re shown f o r two d i f f e r e n t heights of o r i g i n 
9 7 
i n Figure 7.2. The Coulomb scat ter ing i n the a i r (a ) and lead (cr . ) 
- c A' P®' 
are show, a?, r,he r .m. So angles of the mul t ip le scattering process 
(Rossi ; i .9^2) , , the decwy angle ( « - JJ.) i s p l o t t e d as the median angle of 
emission of muons from p i on deca,y (Salmeron 1 9 6 3 ) , the geomagnetic 
e f f e c t (G - M) i s estimated f o r a. v e r t i c a l shower and the. opening angle 
of production (p ) corresponds to the meaji of the d i s t r i b u t i o n of 
transverse momentum suggested by Cocconi et a l . (1961),hereafter 
re fe r red to as the CKP d i s t r i b u t i o n : -
Prob ( p t ) exp (- p t / p Q ) d p.fc 
p 
o 
The mean of t h i s d i s t r i b u t i o n is 0.4- GeV/'c, equal t o 2 p Q . The errors 
i n measurement (o.^ .) are estimated below (section 7 - 5 - 2 ) and may be seen 
to contribute most of the angular spread f o r muon momenta above about 
5 GeV/c. 
These errors can be shown to be too small t o mask altogether the 
expected angular deviations due to opening angles. Comparisons of the 
d i s t r i bu t ions of observed values of deviat ion f o r events wi th r 
(projected) of opposite sign and f o r mean muon momentum 6 . 6 l GeV/c 
show tha.t the two d i s t r i bu t ions are indeed displaced as expected 
(Figure 7 - 3 ) « Similar d i s t r i bu t i ons f o r a l l other bands of momentum 
show the same e f f e c t . 
Due to the errors i n measurement of angles, the height h derived 
oil J . is Ojppruav.il J-c liuij uuc O J . U L C i i c ig l i V J J . u i ij^xjt \LL / DUu xo 
scattered about i t . Errors i n core dista,nce have been shown to produce 
FIGURE 7.3 
D i s t r i b u t i o n of angular deviat ion f o r muons of 
momentum 6.6 Gev/c f o r showers f a l l i n g with negative 
values of r (A) and pos i t ive values of r ( B ) . 
FIGURE 7.1)-
D i s t r i b u t i o n of reciprocal of the height derived 
from the events in the d i s t r i bu t i ons of Figure J. 3« 
f r e q u e n c y ! — - ! 
2 0 
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a much smaller e f f e c t (section 7 - 3 . As h. i s inversely re la ted to a , 
a d i s t r i b u t i o n of l / h i s expected to r e f l e c t the errors i n fi. This 
e f f e c t may be seen in Figure 7 . k, where such, a d i s t r i b u t i o n i s shown 
f o r the same muons as those shown i n the d i s t r i b u t i o n s of Figure 7 » 3 » 
Values of l/h gres.ter than 1.5 km have been omitted from th i s graph f o r 
s imp l i c i t y . Whilst such histograms can be drawn f o r a l l bands of 
momentum subdivided by a i r shower parameters, the estimates of the average 
height derived from the median values of l / h must be overestimates of 
the true values. This approach, although a t t r a c t i v e because of i t s 
s i m p l i c i t y , i s thus only of l i m i t e d usefulness. 
7-3*1 The der iva t ion of heights of o r i g i n from the 
deviations 
With a knowledge of the standard deviat ion of the d i s t r i b u t i o n of 
measuring errors a.nd the Coulomb scat ter ing i n the a.ir and lead, and 
ignoring the other secondary e f f e c t s , the p r o b a b i l i t y G(h,h") tha t , 
f o r a. given event with known r , any height h" w i l l he scattered t o give 
the observed value of h can be determined using r e l a t i o n 7*2 t o 
determine the relevant angles. This proba.bil i ty assumes that any 
height of o r i g i n i s equally probable a p r i o r i and thus a. d i s t r i b u t i o n 
of height , F(h) dh, must be assumed to weight the p r o b a b i l i t i e s , as 
P(h") d h" o G(h, h") F(h") d h" 
where P(h") d h" i s the unnormalized p r o b a b i l i t y of t h i s event o r i g i n a t -
ing at height h" and being observed a t an angle corresponding to h. I t 
i s known that the j&ren t p a r t i c l e must have l e f t the core of the shower 
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at a pos i t ive height and. thus the normalized, p robab i l i ty i s 
P (h") d _ 
Pr (h") d h" - ™ r H " " 
/ P(h") d h" 
where H is a height greater tha.n the maximum height expected, t o 
contribute to the meson cascade, 60 km being used i n the present 
analysis. Pr(h") d h " has been evaluated f o r heights between 0.5 km 
and 60 km and by summing t h i s d i s t r i b u t i o n over several, observed, 
pa r t i c l e s , a p r o b a b i l i t y d i s t r i b u t i o n i n height of o r i g i n appropriate 
to these pa r t i c l e s is found. The procedure is i t e r a t i v e i n nature, 
the length of the i t e r a t i o n process being d ic ta ted by the closeness 
of the i n i t i a l l y assumed d i s t r i b u t i o n of heights to that appropriate 
t o the data. I t has been found tha;t by taking 
F(h") d h " s 1 
f o r a l l h"_, 20 i t e r a t i v e cycles are s u f f i c i e n t t o ensure that the f i n a l 
form Pr(h") d h." has reached a. stable form. The uniqueness of the 
procedure has been tested by using other forms of F(h") d h " , which 
y i e l d s imi la r forms of Pr(h") d h" a f t e r rather more i t e ra t ions . 
Due to the large a,ngular errors involved., the form of Pr(h") d h" 
i s not expected to r e f l e c t accura.te.ly the d i s t r i b u t i o n of heights of 
o r i g i n of pa r t i c l e s i n the showers, especially at large heights. Howeven 
. - — j — -n— / i . 11 \ J i_ *f J _ . f i _ i _ J _ i „i. j _ _ .£1 
usj.ij.g, \IL 1 <J. IL j-u j..t> p u i a s x u x c ou sib o-uua. uc u t c inta.ii uex&uu U J . 
production (h ' ) somewhat more accurately than i s possible, from the. 
d is t r ibut ions of 1/h considered, above. The value obtained can only be 
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regarded, as an upper l i m i t to the actual mean height of o r i g i n . The 
mean height w i l l be subject to wide errors due to any f luc tua t ions i n 
Pr(h") d h " , especially at extreme values of h " , a.nd to reduce the 
-2 
e f f e c t of these f l u c t u a t i o n s , Pr(h") d h" wa.s integrated over 100 gm cm 
bands of the atmosphere sta.rting a t the top. Each of the in tens i t i e s so 
derived was ascribed to the mid-point of the corresponding band and from 
these spot heights the mean height was found. As t h i s mean height i s 
along the projected core d i rec t ion i t must be corrected, f o r the average 
i n c l i n a t i o n of the core (Appendix C). 
7-3° 2 The: d e t e ^ i n the 
angular deviations 
To carry out the analysis out l ined above, the measuring errors must 
be w e l l accounted f o r . These errors are independent of the muon momentum, 
i n contrast to a l l other e f f e c t s contr ibut ing to the angular deviations, 
which vary inversely as the momentum (Figure 7*2). An examination 
of the d i s t r i b u t i o n of deviations f o r muons of mean momentum h-5 GeV/c 
suggests that the standard deviat ion of the d i s t r i b u t i o n of projected 
measuring errors ( a-^) m a y be about 2.7°» From Figure 7*2 even the 
opening angle of production i s seen to be small compared to th/S f o r 
muons of t h i s energy. The d i s t r ibu t ions of angular deviations expected 
f o r various values of 0^ have been calculated and the value appropriate 
t o the observed data determined using a X A f i t t i n g procedure. This 
ca lcula t ion i s of the general form presented i n Appendix D, but here 
only the resu l t i s of importances-
oH - (2.65 ± O.30) 0 
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anomalous events were, randomly ordered, and no indica t ion was given of 
the d i f ference between the two types of event. 
Of 69 con t ro l events, only one showed a marked change in. angular 
deviation. In th is case the azimuthal angle was most unfavourably placed., 
a change of 10° i n t h i s angle about a value of 270° leading to a. very 
considerably f i l t e r ed angular devia t ion. However, i n a sample of 68 
anomalous events, 1.6 showed changes of several degrees i n angular 
deviation, sufficient t o move the events to the normal body of the 
d i s t r i b u t i o n . Thus the anomalous events appear to be a d i f f e r e n t class 
of events from the control sample. The remaining events may be ascribed 
to f i v e possible causes: 
(1) Wrongly c lass i f ied, muons, which i n f a c t are chance correlat ions of 
f l a sh tubesy 
(2) Un3.ssocia.ted, events f a l l i n g w i t h i n the memory of the f l a s h tubes, 
(3) Fluctuations i n shower detection g iv ing r i s e to errors i n d i r ec t ion 
of core (but see Baxter 196?)} 
(k) A possible fu r the r population of errors i n shower analysis. 
(5) Genuine events. 
I t i s thought that events due to the f i r s t two causes have been 
reduced, to a minimum by the checks described i n section 5-1* ^ ° When 
these checks were i n i t i a t e d i t was thought that any events not a t t r i bu t ab l e 
to non-Gaussian errors i n measurement would be indicat ive of the presence 
of pa r t i c l e s with transverse momentum higher than predicted by the CKP 
d i s t r i b u t i o n used in the calculat ions (Eamshaw et a l . 1967b). Thus 
fu r the r and more detai led calculations were undertaken and i t w i l l he 
shown l a t e r (section 7-5) that these calculations indicate that the 
major i ty of the events surviving the a i r shower checks are probably i n 
the f i f t h category. 
7-3° ^ The mean heights of o r i g i n 
The data were subdivided by momentum and the three lowest bands of 
momentum f u r t h e r subdivided by distance from the core, as shown i n 
Table 7«3» The band of mean momentum 1^9 Gev/c was not subdivided by 
distance, being i n s u f f i c i e n t l y populous. The. highest momentum region 
was not used, as the data, on the angular deviations f o r these events had 
already been used to determine o^. 
For each of these in te rva l s of momentum and. distance, the mean 
height, of o r i g i n was estimated by the method given above. The errors 
involved i n t h i s determination of the mean heights were estimated by 
computing the mean heights appropriate to the upper and lower l i m i t s of 
the errors on the value of used.. The mean heights and the associated 
errors of determination are shown i n Table 7°3« As stated, above, these 
mean heights can only be regarded as upper l i m i t s t o the true values, 
diverging from these values due to the lack of reso lu t ion wi th in the 
errors of measurement of the angular deviations. As these errors have 
a standard deviat ion of 2.65°, the lower boundary of t h i s region of poor 
resolut ion may be estimated, depending on the value of projected distance 
from the core used. For a t y p i c a l distance of 200 m, th i s lower bound 
w i l l be about 4.3 a j i d hence any mean heights found to be great ly i n 
excess of such a value are d e f i n i t e l y upper l i m i t s . 
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.TABLE! 7.5 
MSAN. HEIGHTS OF ORIGIN (km) 
p(GeV/c) 
r (m) 
150 225 300 380 ""520 
1.6.1 5 0 - 0.2 2.6 ± 0.2 4.8+0,2 
K ~ + 0.1 
> ° - 0.2 °° "'• - 0. 4 
3-25 7.2 + 0-% 6.0 ± 0. 4 c , + 0.3 6 < 1 - 0.2 6.-1
 + 
- 0.2 5, 7 ± 0. 2 
6.6l 8,2 + ?"* - u.5 
14-93 15 ;0 ± 1.2 
1 - 10 5. 
+ n. 6 
- 0.4 « 8
 f ° - 5 5 , 0 - 0.2 
. - , 
The variation of mean height wi th distance has been examined f o r a l l 
the muons in the thr-v^ lowest bands of momentum snd f o r distances from 
the core greater than and less than 250 m, f o r comparison wi th the 
resul ts of other experiments. These mean heights are shown, i n the 
bottom row of Table 7«3, and i t can be seen that no great v a r i a t i o n i s 
observable. However, the mean heights are i n good agreement with, that 
determined over the whole range of distance and momentum using the 
geomagnetic method. 
To compare the mean heights of o r ig in f o r muons of various moments, 
wi th the resul ts obtained using the geomagnetic e f f e c t , the resul t s 
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f o r those in te rva ls of momentum which have been subdivided, by distance 
have been r= combined, g iv ing the v a r i a t i o n of mean height of production 
as a func t ion of muon lnomeiitum shown i n Figure 7.1 i n comparison wi th 
the geomagnetic roiiu7i.cs. For small heights the two methods are i n 
sa t i s fac tory agreement, but they do not agree so we l l f o r greater height 
the angular deviations suggestinga greater height than is derived from 
the geomagnetic d i s t o r t i o n of the l a t e r a l d i s t r i bu t ions of iiiuon;, 
A possible source of er ror i n the der iva t ion of these intan heights 
l i e s I n the errors i n the distance of the core from the spectrogiuph 
projected Into the measuring plane ( r ) . These errors w i l l c l ea r ly be 
of the same order as the errors i n core loca t ion (section 2-3*2), and 
al lowing fox* p ro jec t ion may be estimated at ± 30 111. When r i s of the 
orde'r of 200 m, such an error w i l l be of no consequence compared w i t h 
the error involved i u the angular deviations* However, when r i s of 
such a value that i t , i s markedly a l t e red by such errors , the value of 
height obtained w i l l be a f f ec t ed by the errors i n r . To test the e f f e c t 
of the inclusion of events wi th such values of r , the sample of events 
with mean momentum lh. 9 GeV/c has been reprocessed wi th those events 
f o r which r i s less than 100 m removed. This sample, with th i s source 
of error e f f e c t i v e l y removed, has a Pr(h") d h" iden t i ca l i n shape 
with that f o r a l l the data. The mean height i s quite unaffected. Thus 
i t i s concluded that the errors i n r are neg l ig ib le i n the i r e f f e c t , 
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7-4. D i s c u s s i o n 
The ave rage h e i g h t s o f o r i g i n o f muons o f v a r i o u s momenta f a l l i n g 
a t d i s t a n c e s be tween 3.00m a n d 600 in f r o m t h e c o r e o f showers o f a b o u t 
2 x 10 ^ p a r t i c l e s have been d e t e r m i n e d b y t v o i n d e p e n d e n t methods;. 
D e s p i t e some s h o r t c o m i n g s i n one o f t he se m e t h o d s , t h e r e s u l t s of t h e 
two s,re i n f a i r ag reement J i n p a . r t i c u l a . r j t h e mean h e i g h t s o f p r o d u c t i o n 
d e r i v e d f o r muons o f momentum g r e a t e r t h a n 1 GeV/c a r e c l o s e l y s i m i l a r . 
P r e v i o u s w o r k e r s have measured t h e mean h e i g h t o f o r i g i n o f rnuons 
above some f i x e d e n e r g y , u s i n g s e v e r a l d i f f e r e n t t e c h n i q u e s . The 
r e s u l t s a r e shown i n T a b l e 7»*l-» A me thod f r e q u e n t l y employed has been 
t h e use o f t i m i n g measurements t o e s t a b l i s h a v a l u e of t h e r a d i u s o f 
c u r v a t u r e o f t h e shower f r o n t . T h i s r a d i u s o f c u r v a t u r e has been t a k e n 
t o be a n e s t i m a t e o f t h e h e i g h t o f p r o d u c t i o n o f t he muons i n t h e shower . 
A d i s t r i b u t i o n o f t h e r e c i p r o c a l o f t h i s r a d i u s e x t e n d s t o n e g a t i v e 
v a l u e s , due t o m e a s u r i n g e r r o r s ( e . g . S u r i 1 9 6 6 ) , a n d i t i s s u g g e s t e d 
t h a t t h e r e s u l t s o b t a i n e d u s i n g t h i s method may be upper l i m i t s t o t h e 
t r u e v a l u e s , f o r r e a s o n s s i m i l a r t o t h o s e o u t l i n e d i n s e c t i o n 7~3°-J-» 
W h i l s t B a s s i e t a l . (1955) have shown t h a t c l o s e t o t h e c o r e o f a,n a i r 
shower t h e e l e c t r o n s p r e c e d e t h e muons, t h i s s i t u a t i o n i s r e v e r s e d a t 
g r e a t e r d i s t a n c e s ( B a x t e r e t a l . 1 9 6 6 ) , and t h u s measurements on t h e 
f i r s t d e t e c t a b l e s i g n a l a t t h e s e d i s t a n c e s p r o b a b l y r e f e r t o muons. 
A t Have rah P a r k such measurements have been c a r r i e d o u t b y S u r i 
( 1 9 6 6 ) , g i v i n g r e s u l t s i n broa,d agreement w i t h t h e p r e s e n t e x p e r i m e n t . 
L i n s l e y a n d S c a r s i ( 1 9 6 2 c ) , w h i l e t i m i n g t h e a r r i v a l , o f muons, f o u n d some 
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v a r i a t i o n i n he igh t , o f p r o d u c t i o n w i t h co re d i s t a n c e . , "but c o n c l u d e d t h a t 
t h e data, V & R a l l c o n s i s t e n t w i t h a mean d e p t h o f p r o d u c t i o n o f 
•? 
320 ± 70 ajn cm M. v n l u e c o n f i r m e d b y t h e i r measurements on t h e f i r s t 
d e t e c t a b l e c-*igr-^I. I V - i s v a l u e i s r a t h e r h i g h e r t h a n i s f o u n d i n t h e 
p r e s e n t w o r k , b u t L i n s l e y e n d S c a r s i a t V o l c a n o Ranch were a t a.n 
a l t i t u d e o f 1800 m, compared t o 220 m a t Have rah Park- A l s o , t h e y were 
on a v e r a g e f u r t h e r fi-cm t h e c o r e t h a n i n t h e p r e s e n t ca.se. B e n n e t t e.t a l . 
(1962) f o u n d a n ave rage r a d i u s o f c u r v a t u r e o f 3 » 3 km, t i m i n g on t h e 
f i r s t d e t e c t a b l e s i g n s J. a n d m a k i n g some a l l o w a n c e f o r e r r o r s o f 
measurement . 
B a x t e r (1967) w o r k i n g a t H a v e r a h P a r k has s t u d i e d the t i m e d e l a y s o f 
muons r e l a t i v e t o t h e f i r s t d e t e c t a b l e signs.!. , g i v i n g r e s u l t s i n f a i r 
ag reement w i t h t h e o t h e r measurements a t Have rah P a r k , e s p e c i a l l y i n 
v i e w o f t he l a c k o f p o s i t i v e i d e n t i f i c a t i o n of t h e p a r t i c l e s as muons 
a n d t h e i n c l u s i o n u l ' inuons o f e n e r g y b e l o w .1 GeV. 
Rather 1 n e a r e r t he c o r e o f somewhat s m a l l e r s h a v e r s , a n a n a l y s i s 
b y F i r k o w s k i (.1967, 1963 p r i v a t e c o m m u n i c a t i o n ) o f t h e b a r o m e t r i c 
a t t e n u a t i o n o f muons i n a i r showers s u g g e s t s a r a t h e r l a r g e h e i g h t o f 
o r i g i n f o r muons o f e n e r g y above 1 GeV. De Beer e t a l (1962) f i n d a 
v e r y h i g h mean h e i g h t o f p r o d u c t i o n f o r muons above a b o u t 3 GeV/c a t 
d i s t a n c e s g r e a t e r t han a b o u t kOO m f r o m the c o r e . 
The ave rage h e i g h t s o f o r i g i n o f muons measured b y s e v e r a l d i f f e r e n t 
methods a t Haverah Pa rk a r e seen t o be i n r e a s o n a b l e ag reemen t . 
Measurements a t o t h t i i ; a r r a y s seem t o be s c a t t e r e d r a t h e r w i d e l y a b o u t 
t h e p r e s e n t v a l u e s . 
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TABLE 7. U-
C0MPAEIS0W OF HEIGHTS OF O R E I N 
A u t h o r D i s t a n c e (m) Mean H e i g h t s 
S u r i (1966) 
150 - 200 
200 - 600 
600 - 800 
I4-.2 km 
5 . 8 km 
8 .5 km 




- 1 .0 
L i n s l e y & S c a r s i 
(1962c) 
200 - 1100 320 ± 70 gm c m - 2 ( d e p t h ) 
B e n n e t t e t a l . 
(1962) 
~ 500 3-3 km 




220 gm cm ( d e p t h ) 
F i r k o w s k i 
(1968) 
80 ft *
 + 2 - 5 , 0 .5 n c km - 1 .5 
P r e s e n t 100 - 600 
- 2 
f 5^7 ± 51 gm cm 
L 5 . 7 ± 1 .0 km 
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FIGURE J.5 
The a n g u l a r d e v i a t i o n s f r o m t h e c o r e o f muons i n 
c e r t a i n r e g i o n s o f momentum and d i s t a n c e f o r t h r e e 
d i f f e r e n t m o d e l s . The number o f muons i n each 
c e l l o f a n g u l a r d e v i a t i o n f o r a g i v e n m o d e l 
( A , n ) i s p l o t t e d a s t he r a t i o o f t h i s number 
s 
t o t h e number f o r (20, 0.50). 
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TABLE 1. 
NUMBERS OF MUONS I N MOMENTUM AND .DISTANCE REGIONS 
r ( m ) P ( G e V / c ) 
1.61 3.25 6.6.1 I k 93 
155 188 231 109 62 
300 229 255 82 36 
520 97 72 27 10 
f r o m t h e c o r e appea r r a t h e r s e n s i t i v e t o t h e assumed n a t u r e o f t h e 
cascade. A c o n s i d e r a t i o n o f t h e numbers o f muons o b s e r v e d i n t h e s e 
r e g i o n s o f momentum and d i s t a n c e ( T a b l e f . k ) shows t h a t t h e o n l y 
s e n s i t i v e r e g i o n w i t h an adequa te p o p u l a t i o n i s t h a t w i t h momentum o f 
3.25 GeV/c a t a d i s t a n c e e q u a l t o 300 m. 
The p r e d i c t i o n s f o r t h i s r e g i o n a p p r o p r i a t e t o t h e f o u r v a r i o u s 
a s s u m p t i o n s a r e p l o t t e d i n F i g u r e J.6 as t h e r a t i o o f t h e number o f 
p a r t i c l e s p r e d i c t e d t o t h o s e o b s e r v e d e x p e r i m e n t a l l y . The f i t o f 
p r e d i c t i o n t o o b s e r v a t i o n can be seen t o be i m p r o v e d s l i g h t l y by 
i n c r e a s i n g t h e mass o f t h e p r i m a r y p a r t i c l e and s i m i l a r l y by a. more 
r a p i d v a r i a t i o n o f m u l t i p l i c i t y w i t h p r i m a r y e n e r g y . As a, consequence , 
t h e m o d e l w h i c h comes n e a r e s t t o f i t t i n g t h e rrmon i n t e n s i t i e s i f a l s o , 
o f t h o s e t e s t e d , t h a t w h i c h mos t n e a r l y f i t s the a n g u l a r d e v i a t i o n s . 
A c o n s i d e r a t i o n o f t h e v a l u e o f X2 f o r each o f t h e s e p r e d i c t i o n s 
( F i g u r e 7-7) shows t h a t , w h i l s t t h i s t r e n d can be measured , t h e r e i s 
FIGURE 7.6 
Compar i sons o f t h e o b s e r v e d d i s t r i b u t i o n o f a n g u l a r 
d e v i a t i o n f o r muons o f momentum 3-25 Gev/c a t 
300 m f r o m t h e core w i t h t h e d i s t r i b u t i o n s 
p r e d i c t e d f o r v a r i o u s cases . The r a t i o o f t h e 
p r e d i c t e d numbers^ o f p a r t i c l e s t o t h o s e o b s e r v e d i s 
p l o t t e d a g a i n s t a n g u l a r d e v i a t i o n . 
0.5 0.25 rv*- E 
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n o t a v e r y l a r g e p r o b a b i l i t y t h a t t h e d i s t r i b u t i o n o f a n g u l a r d e v i a t i o n s 
Oo 5 
f o r A o f 20 a n d n © E i s i d e n t i c a l t o t h a t o b s e r v e d 
s 
( P r o b a b i l i t y as 0-0l). The number o f degrees o f f r e e d o m was k e p t 
c o n s t a n t f o r each c o m p a r i s o n a t a g i v e n momentum a n d d i s t a n c e , so t h a t 
t h e X a v a l u e i s a d i r e c t i n d i c a t i o n o f t h e p r o b a b i l i t y . 
'To check b o t h t h e s e l e c t i o n o f t h i s r e g i o n of momentum and 
d i s t a n c e as t h e most s e n s i t i v e a n d t h e c o n c l u s i o n s o f t h e above p a r a g r a p h , 
the v a r i a t i o n o f X f o r a l l t h e r e g i o n s o f momentum and d i s t a n c e w i t h 
t h e v a r i o u s a s s u m p t i o n s h a s been i n v e s t i g a t e d , a n d i s shown i n F i g u r e 
7.T» F o r a l l momenta a t 155 m f r o m t h e c o r e , no s e p a r a t i o n o f t h e 
a s s u m p t i o n s i s p o s s i b l e e x p e r i m e n t a l l y , whereas a t 300 m t h e r e i s sortie 
d i f f e r e n c e o b s e r v a b l e , e s p e c i a l l y a t a momentum o f 3«25 GeV/c . A t a 
d i s t a n c e o f 520 m f r o m t h e c o r e d i f f e r e n c e s a r e a g a i n o b s e r v e d . The 
d i s t r i b u t i o n s f o r muons o f mean momentum Ik. 9 GeV/c a/re w e l l f i t t e d 
by t h e p r e d i c t i o n s , t h e f i t i m p r o v i n g as t h e d i s t a n c e f r o m t h e c o r e 
i n c r e a s e s . 
To i m p r o v e t h e s t a t i s t i c a l s i g n i f i c a n c e o f t h e s e p r e d i c t i o n s , t h e 
d a t a f r o m t h e t h r e e bands o f d i s t a n c e c o n s i d e r e d have been added t o g e t h e r 
i n b o t h p r e d i c t i o n a n d o b s e r v a t i o n . The v a r i a t i o n o f X2 w i t h momentum 
f o r each o f t h e f o u r s e t s o f a s s u m p t i o n s i s shown i n F i g u r e 7.7. The 
d i s t r i b u t i o n s c a l c u l a t e d f o r t h e ' b e s t ' m o d e l a r e t h e b e s t f i t s t o t h e 
d a t a , b u t t h e o n l y momentum d i s p l a y i n g s i g n i f i c a n t d i f f e r e n c e s i s 
3.25 GeV/c . I t may be n o t e d t h a t , f o r t h e muons o f mean momentum 
l b 9 G e V / c , t h e m u l t i p l i c i t y l a w d o m i n a t e s t h e v a r i a t i o n o f X s 
w i t h m o d e l . 
FIGURE 7.7 
The v a r i a t i o n o f X2 ( t h e goodness o f f i t o f p r e d i c t e d 
t o o b s e r v e d d i s t r i b u t i o n s o f a n g u l a r d e v i a t i o n ) w i t h 
momentum f o r f o u r d i f f e r e n t cases . The p o i n t s f o r 
' a l l r 1 r e f e r t o a summation o f t h e d a t a a t t h e 
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To i n v e s t i g a t e t h e cause o f t h e c o m p a r a t i v e l y p o o r f i t o f t h e 
p r e d i c t i o n b a s e d on t h e p r e f e r r e d s e t o f a s s u m p t i o n s n o t e d a b o v e , t h e 
e f f e c t o f t h e l i n e a r i n t e r p o l a t i o n u s e d t o b r i d g e t h e gap b e t w e e n t h e 
h e i g h t d i s t r i b u t i o n s g i v e n b y t h e c a l c u l a t i o n s f o r t h e r e g i o n s o f 
a tmosphere above a n d b e l o w 10 km m u s t be c o n s i d e r e d . T h i s l i n e a r 
i n t e r p o l a t i o n i s e x p e c t e d t o be m o s t n e a r l y c o r r e c t when one o f t h e 
c o n t r i b u t i o n s f r o m t h e t w o r e g i o n s i s much s m a l l e r t h a n t h e o t h e r , b u t 
i f t h e y a r e s i m i l a r t h i s a s s u m p t i o n c o u l d be i n e r r o r . F o r muons o f 
momentum. 6.6l GeV/c a n d d i s t a n c e 300 m f r o m t h e co re t h e c o n t r i b u t i o n s 
t o t h e muon d e n s i t y f r o m above and b e l o w 10 km a r e , f o r t h e ' b e s t ' 
m o d e l , o f t h e same o r d e r o f m a g n i t u d e . There a r e s u f f i c i e n t muons 
p r e s e n t i n t h e sample o f d a t a t o t e s t any v a r i a t i o n s i n h e i g h t 
d i s t r i b u t i o n . I n a d d i t i o n t o t h e l i n e a r i n t e r p o l a t i o n , two d i f f e r e n t 
cases , w h i c h appea r t o l i m i t t h e range o f r e a l i s t i c i n t e r p o l a t i o n , have 
been t e s t e d . The u p p e r l i m i t g i v e s a. d i s t r i b u t i o n o f a n g u l a r 
• d e v i a t i o n w h i c h i s somewhat c l o s e r t o t h a t o b s e r v e d (X2 — 10. 9) t h a n 
t h a t g i v e n b y t h e l i n e a r i n t e r p o l a t i o n (X2 — lh. 5)• However , t h e 
p r o b a b i l i t y c o r r e s p o n d i n g t o t h i s v a l u e o f X2 i s s t i l l n o t v e r y h i g h -
Thus some o f t h e d i s c r e p a n c y b e t w e e n t h e o b s e r v e d d i s t r i b u t i o n s 
0.5 
a n d t h o s e p r e d i c t e d f o r A o f 20 and n Ot E may be removed by a 
s 
c a r e f u l t r e a t m e n t o f t h e r e g i o n b e t w e e n t h e two p a r t s o f the 
a tmosphe re c o n s i d e r e d . However , t h e t o t a l d i f f e r e n c e w i l l n o t be 
removed i n t h i s f a s h i o n . I t w i l l be r e c a l l e d t h a t t h e c a l c u l a t i o n s based, 
upon t h e s e p a r a m e t e r s d i d n o t p r e d i c t muon i n t e n s i t i e s e x a c t l y s i m i l a r 
t o t h o s e o b s e r v e d , b u t r a t h e r gave u n d e r - e s t i m a t e s . The p r e d i c t e d 
Ilk 
dens i t i e s , f o r muons of laxge momentum, could be r a i s e d by an increase 
i n the numbers of muons or ig inat ing high in the atmosphere. This 
e f f e c t would be produced by an increase in the mass of the primary 
p a r t i c l e leading to an ear ly degradation of the energy of the nuclear 
cascade^or an increase in the transverse momentum of the pious at large 
energies, or a contribution to the muon f l u x from the production and. 
decay of kaons. The e f f e c t s of the mass are concentrated in the f i r s t 
in teract ion of the primary p a r t i c l e , whereas the other fac tors would, 
continue to a f f e c t the cascade deeper i n the atmosphere. The m u l t i p l i e r 
of pions i s l imited, for c4yHo .mJ.c-al reasons to a v a r i a t i o n which is not 
much f a s t e r than EJ'-J. I t appears from the study of the angular 
deviations from fee core that at- lower momenta the muons must a.gain 
originate higher in the atmosphere than i s presently predicted (see a l s o 
Figure "Jml.), due probably to a combination of the fac tors c i t e d above. 
I t i s of i n t e r e s t to note that a l l the muons of large deviation 
which survived the checks deta i led in sect ion 7-5*3 have been accounted 
for by t h i s t h e o r e t i c a l treatment. 
T - 5 » 2 The use of height d i s t r ibut ions to pred ic t the 
charge d i s t o r t i o n of muons 
The d i s t r i b u t i o n s of height of or ig in predicted for muons of va.riou 
momenta f a l l i n g a t JOO m from the core have been tes ted further "by using 
them to predict the charge d i s tor t i on expected due to the geomagnetic 
f i e l d (sect ion '(-'d). 
FIGURE 7.8 
Ratio of observed charge r a t i o to that predicted 
on the b a s i s of t h e o r e t i c a l d i s t r ibut ions of 
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For each of the three regions of the space G discussed in tha.t 
sect ion t i e d i s torted charge r a t i o s for muons of f i x e d momentum were 
-2 
determined for heights spaced 100 gm cm apart , commencing from 
-2 
100 gm cm . The charge r a t i o s were weighted in accordance with the 
height d i s t r i b u t i o n to be tested and the average charge r a t i o determined 
for each region. Using these charge r a t i o s the expected numbers of 
muons of each sign were found from the numbers of muons observed in- each 
region, and hence the o v e r a l l charge d i s tor t ion (with negative excesses 
reversed)of muons f a l l i n g in these regions of G was determined- This 
predicted charge r a t i o was then compared with tha,t found experimentally, 
these values being shown in the l a s t column of Table 7*2. 
For the height d i s t r ibut ions in question the r a t i o s of predicted to 
observed charge d i s tor t ion are shown i n Figure J . 8 as a function of 
momentum. Here •, too, the mass of the primary p a r t i c l e appears only to 
a f f e c t the predict ions in second order compared with the v a r i a t i o n of 
m u l t i p l i c i t y with energy. With the present numbers of muons, the e f f e c t s 
0.5 
predicted for p a r t i c l e s of mass 1 or 20 with n ( J E are adequate 
8 
representations of the data, without being exact f i t s . The departures 
of the predict ions from observation are such that an increase in the 
mean heights of or ig in would improve the agreement (see also Figure 7. l ) . 
7-5•3 Conclusions 
The d i s t r ibut ions of heights of or ig in of muons have been examined 
using two e f f e c t s . The s e n s i t i v i t y of the angular deviations of muons 
from the core d irec t ion to the assumed nature of the nuclear cascade 
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lias been established^and. the data, recorded in the present experiment 
have been H^en to be adequate to d i s t inguish between the d i f f erent 
p o s s i b i l i t i e s with some degree of r e l i a b i l i t y in a rather r e s t r i c t e d 
region of momentum and distance. 
.From these studies i t i s possible to se lec t the v a r i a t i o n of 
m u l t i p l i c i t y with energy as the most important fac tor considered 
governing the height d i s t r ibut ions for muons of rather low energy, the 
mass of the primary p a r t i c l e being of l e s s e r Importance. The height 
d i s t r ibut ions of muons in a shower i n i t i a t e d by a primary p a r t i c l e of 
0.5 
mass 20 when the m u l t i p l i c i t y v a r i e s a,s E for energy greater thaji 
3 x 10^ GeV are nearest to those appropriate to the observed data. 
However, these predicted d i s tr ibut ions are not in exact agreement with 
observation. These conclusions are supported by the t e s t s of the 
height d i s t r ibut ions using the d i s t o r t i o n of the cha,rge r a t i o s of muons 
by the geomagnetic f i e l d . 
I t must be remembered that parameters of the model, such as 
m u l t i p l i c i t y , have not been permitted to f luc tuate . Such f luc tuat ions 
must e x i s t and could lead to an increase in the e f f e c t i v e height of 




CONCLUSIONS AND FUTURE WORK 
At great energies the only source of information upon the nature 
of nuclear interact ions i s the observation of various c h a r a c t e r i s t i c s 
of a i r showers. The muon component e s p e c i a l l y seems l i k e l y to y i e l d 
s i g n i f i c a n t information upon these interact ions and a l s o upon the nature 
of the primary p a r t i c l e s i n i t i a t i n g the showers. Previous experiments 
have determined the broad features of the muons and the present 
experiment has measured the momentum spectrum of muons as a function 
of distance from the shower core and the height of or ig in of muons of 
various momenta. The d irect ions of motion of muons within a shower 
have a l so been investigated. 
By comparisons of these measured data with theore t i ca l pred ic t ions , 
based upon various assumptions of the nature of the primary p a r t i c l e s 
and of the nuclear interact ions , informat ion about the f i r s t few 
interact ions in these very energetic events has been derived. 
8-1. The l a t e r a l d i s t r ibut ions of muons 
I n Chapter 6 of t h i s thes i s the l a t e r a l density d i s t r ibut ions of 
muons above various threshold momenta were seen to be in disagreement 
with the predic t ions of rather s i m p l i f i e d models of the nuclear casca.de ,• 
wherever the muons originated in the e a r l y portions of the cascade. A 
rigorous treatment of the cascade i n the atmosphere above 10 km, 
combined with a treatment s imi lar to the simple models below t h i s 
height, predic ts muon dens i t ies comparable with those measured 
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experimentally in the regions of energy and distance which previously 
gave r i s e to discrepancy (Orford and Turver 1968). 
Using t h i s treatment, the e f f e c t s of various values of the mass of 
the primary p a r t i c l e s and other parameters upon the muon dens i t i e s have 
been investigated. I t has been concluded that the t y p i c a l 500 m showers 
17 
are i n i t i a t e d by p a r t i c l e s of energy 2 x 10 eV, having e f f ec t i ve mass 
greater than 10 (taken as 20) wh i l s t the m u l t i p l i c i t y of pions in 
0.25 3 
nuclear interact ions r i s e s as E * f o r energies below 3 x 10 GeV, 
0.5 
but thereaf ter v a r i e s as E . Neither of these conclusions i s exact, 
in that some v a r i a t i o n of the parameters i s poss ible within the errors 
of the measured data. The values given are , however, lower l i m i t s of 
the ma.ss and m u l t i p l i c i t y . 
A l l the measured features of the momentum spectra of muons are 
shown to be in sa t i s fac tory agreement with the predict ions of t h i s 
model. In p a r t i c u l a r the predicted dens i t i e s of muons of momentum 
greater than 1 GeV/c a t great distances from the core were shown to be 
sens i t ive to the mass of the primary p a r t i c l e . The measured dens i t i e s 
are c loser to those predicted for a heavy primary than for the case of 
a proton primary. 
8-2. The heights of or ig in of muons 
The average heights of or ig in of muons of various momenta have, 
been ascerta ined by two independent methods, the r e s u l t s of which are 
in good agreement. The muons of very high energy, present in showers 
with dens i t i es which are much higher than those predicted on simple 
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theories (such as H i l l a s 1966),have been shown to originate considerably 
higher in the atmosphere than these theories would allow. This f a c t 
reduces the requirement f o r the large transverse momentum at tr ibuted 
to p a r t i c l e s decaying to give these muons by de Beer et a l . (1967). 
The population of muons with large angular deviations from the core 
which l e d Earnshaw et a l . (1967b) to assume the presence of p a r t i c l e s 
of high transverse momentum has been reduced considerably by a c a r e f u l 
check of a i r shower a r r i v a l d irec t ions . The deviations have been shown 
to depend on the assumed height d i s t r i b u t i o n much more strongly than 
upon transverse momentum. The surviving large deviations have been 
accounted for by a more c a r e f u l treatment using normal values of 
transverse momentum. 
The d i s t r ibut ions of angular deviations for cer ta in regions of 
momentum and distance have been shown to be sens i t ive to the nature of 
the nuclear cascade assumed in predict ing d i s t r ibut ions of heights of 
or ig in . For the numbers of muons present ly accumulated with the 
spectrograph, there i s only one such region of energy and distance 
f o r which the data are s u f f i c i e n t l y s i g n i f i c a n t to d i f f e r e n t i a t e between 
the d i f f erent assumptions used. The e f f e c t on the predicted d i s t r i b u -
t ions of height (and hence of angular deviation) of the mass of the 
primary p a r t i c l e i s l e s s than the e f f e c t of the v a r i a t i o n of m u l t i p l i c i t y 
with energy. The values of mass and m u l t i p l i c i t y to give dens i t i es 
comparable with those observed experimentally are i n s u f f i c i e n t to give 
height d i s t r ibut ions exact ly compatible with the d i s t r ibut ions in the 
observed showers. The predicted d i s t r ibut ions give a mean height which 
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i s too low. This mean height i s a f fec ted by various parameters of the 
nuclear cascade, and i t seems possible that values of these parameters 
which give muon dens i t i e s equal to those observed a t high momenta may 
a l so give height d i s t r ibut ions close to those observed. 
The geomagnetic charge d i s tor t ion has a l s o been used as a b a s i s 
f o r checking the d i s t r ibut ions of heights of or ig in predicted by the 
theore t i ca l approach. The r e s u l t s are some-what l e s s sens i t ive to the 
nature of the nuclear cascade assumed, but the observed r e s u l t s are 
c losest to those predicted f o r a primary p a r t i c l e of mass 20 and pion 
0.5 
m u l t i p l i c i t y varying as E . Changes in the height d i s t r i b u t i o n as 
suggested above would increase the agreement between predict ion a.nd 
observation. 
The changes in the parameters of the model suggested by t h i s study 
of the d i s t r ibut ions of heights of or ig in w i l l r e s u l t i n an increase 
i n the e f f ec t i ve height of production of the muons of mean momentum 
i*5 GeV/c, g iving c loser agreement with the height of or ig in deduced 
from the measured charge d i s t o r t i o n for these muons. 
8-3* Conclusions 
The present experimental work has been shown to be in agreement 
with the predic t ions of a t h e o r e t i c a l model using conventional values 
for parameters such as the transverse momentum of p a r t i c l e s 
produced in nuclear in teract ions . The m u l t i p l i c i t y of pions produced. 
0. "5 
in nuclear interact ions must vary as E ' J f o r energies greater than 
3 17 3 x 10 GeV, and the mass of the p a r t i c l e s (of energy 2 x 10 eV) 
121 
i n i t i a t i n g the showers must be greater than 10. 
Thus the mass spectrum of primary cosmic rays at an energy about 
17 
2 x .10 eV i a rather narrow compared to that observed in nuclear 
1^5 
emulsions at energies about 10 eV (Table 1.1). L i n s l e y and S c a r s i 
(1962a\ studying the f luc tuat ions of the muon numbers in showers of 
17 
primary energy greater than 10 eV^ concluded that the mass spectrum of 
the p a r t i c l e s i n i t i a t i n g the showers was rather narrow, being probably 
a pure beam of protons. However, in a l a t e r report L i n s l e y (I96J+) sa id 
'The evidence ( for proton pr imaries ) comes from the shower-size 
d i s t r ibut ion for events with f i x e d t o t a l number of muons. The 
17 
d i s t r i b u t i o n we presented a t Kyoto f o r primaries > 1.0 eV i s rather 
narrow and i s inconsistent with a primary composition s imi lar to the 
one at lower energies. This requires that the mass spectrum of primaries 
17 
with t o t a l energy ^"10 eV must be r e l a t i v e l y narrow. This means that 
e i ther protons predominate, or that most of the primaries are nuc l e i i n 
the iron group. Another t e s t , based on the d i s t r i b u t i o n at another 
depth, below the shower maximum, favours the f i r s t a l t ernat ive although 
the second i s not excluded. 1 Thus the present conclusion i s not thought 
to conf ic t with the work at Volcano Ranch. 
The contrast of the rather narrow mass spectrum of the primary 
17 
p a r t i c l e s a t an energy of 2 x 10 ' eV with that observed up to primary 
15 
energies of 2 x 10 eV suggests some change must take place in the 
acce lerat ion or transportat ion mecha-nisms a f f e c t i n g the cosmic rays betwe n hese energies. I  i s not pos ible on the pres nt evidence to 
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d i f f e r e n t i a t e between the severa l p o s s i b i l i t i e s , which include 
(a) a f a i l u r e of the g a l a c t i c magnetic containment at a magnetic 
15 
r i g i d i t y of 2 x 10 eV, (b) a break in the spectrum of cosmic ray 
sources, and (c) the in terac t ion of the un iversa l black-body micro-
waves with cosmic rays in an evolving universe ( H i l l a s 1967a,b). I t 
may become possible to d i f f e r e n t i a t e between these p o s s i b i l i t i e s with 
a knowledge of the e f f e c t i v e mass of primary cosmic rays of energy both 
17 
above and below the present energy of 2 x 10 eV. Experiments a t 
Haverah Park described in the next sect ion should enable these masses 
to be determined. 
8-4. Future work 
The present report i s based upon the data gathered over two years 
of operation, up to May 1967* Since that time much data has accumulated 
on 500 m tr iggers and the addit ion of t h i s to the present data w i l l be 
of sane use in the study of muon dens i t i e s . 
Future developments w i l l include a considerable refinement of the 
a n a l y s i s of very dis tant or very large showers as a consequence of 
the operation of the 2 km array . Prel iminary r e s u l t s from t h i s array 
(Earnshaw R . A . , e t a l . 1967; Andrews et a l . 1968) indicate that large 
showers, i n i t i a t e d by p a r t i c l e s of great energy, give a large response 
in a l l the detectors, corresponding to a constant s tructure funct ion 
exponent from 300 m to 3 km from the core. In Chapter 6 i t was seen 
that for v e r t i c a l ^00 m showers a t distances from the core greater than 
about 1 km i t i s prac t i cab le to d i s t inguish experimentally between 
FIGURE 8.1 
The l a t e r a l d i s t r ibut ions of muons of momentum 
greater than 1 GeV/c for primary p a r t i c l e s of 
l 8 
energy 5 x 10 eV and mass 1 and 20. Also shown 
as a funct ion of distance i s the r a t i o of the 





- - - A= 1 
-L -L 
J A 
Log lateral distance (M) 
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heavy primary pa,rt ic les and protons using the density of muons of 
momenta above 1 GeV/c. A s i m i l a r comparison i s shown in Figure 8.1 
f o r showers incident a t a zenith angle of 20°, i n i t i a t e d by protons 
l 8 
and p a r t i c l e s of mass 20 of energy 5 x 10 eV per nucleus. An 
invest igat ion of the l a t e r a l d i s t r i b u t i o n of muons in large showers at 
distances greater than 2 km from the a x i s may lead to the determination 
of the mass composition of the p a r t i c l e s i n i t i a t i n g the showers. To 
d i s t ingu i sh between the two cases a t these great distances i t would be 
necessary to employ large areas of muon detectors. One p o s s i b i l i t y 
would be to use very large area f l a s h tube trays,, shielded by about 20 cm 
of lead, to give a s u f f i c i e n t l y large muon threshold energy for the f l u x 
of muons to be e a s i l y ca lcu lable . However, at these very large distances 
from the core, nearly a l l the p a r t i c l e s present are muons and any 
e lec trons or photons are of very low energy. Thus the response of 
the Cherenkov detectors of the a.ir shower arrays must be p r i n c i p a l l y 
due to the muon component,,and i t may be possible to use the l a t e r a l 
d i s t r i b u t i o n of t h i s response i n place of the la tera l , d i s t r i b u t i o n of 
muons. The v a l i d i t y of t h i s use of the Cherenkov detectors fa.r from 
the core may be checked by a comparison, a t these dis tances , of the 
density of 'equivalent muons' recorded in the centra l 500 m Cherenkov 
detector and the density of muons observed in the large area shielded 
l i q u i d s c i n t i l l a t o r which i s adjacent to t h i s detector. 
Another development i s an increase in the areas at each of the outer 
150 ra array detectors. Thi s array w i l l be run in p a r a l l e l with the 500 m 
12^ 
array, seven pulse heights being recorded whenever e i ther array i s 
tr iggered. This should lea,d to the a n a l y s i s of 500 ra showers which now 
f a l l too close to the c e n t r a l detector for accurate ana lys i s and a,lso 
to a great, improvement in the core locat ion for showers detected by 
both the 500 m and the 150 m arrays . This should enable the momentum 
spectrum of muons in 150 m showers to be subdivided by distance to quite 
large dis tances , enabling a more accurate examination of the dependence 
of the spectrum on size to be c a r r i e d out. At distances c h a r a c t e r i s t i c 
of the 150 m array , a subs tant ia l increase in the m.d.m. of the 
spectrograph would enable the expected dependence on the ear ly in terac-
t ions of the nuclear cascade of the very high energy muon dens i t i es a t 
these distances to be esta.blish.ed. The primary energies of the p a r t i c l e 
I T 
i n i t i a t i n g the 150 m showers w i l l be rather below 2 x .10 eV, and thus 
an estimate of the e f f e c t i v e mass of these p a r t i c l e s w i l l be of great 
in teres t . 
The conclusions rea-ched about the distr ibut ions of height of or ig in 
were l imi ted by the amount of data ava i l ab l e . The ant ic ipated two-fold 
increase in the number of muons should serve to increase the prec i s ion 
of the r e s u l t s and w i l l enable f u r t h e r comparisons of angular deviations 
to be made, giving increased weight to the conclusions. I t has been 
seen that the present ca lculated d i s t r ibut ions of height of or ig in 
apparently underestimate the contributions to the muon dens i t i e s from 
great heights; various fac tors which would reduce t h i s discrepancy were 
c i t e d above. I f the predict ions of the amended ca lcu la t ions are not in 
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agreement with the s t a t i s t i c a l l y improved data., a close inspection of 
the data for any sources of b ias must precede any fur ther modifications 
of the t h e o r e t i c a l a.pproach. 
These increases in the data should enable the v a r i a t i o n of the mean 
height of o r i g i n with distance from the core to be ascerta ined, using the 
geomagnetic d i s t o r t i o n of the l a t e r a l d i s t r ibut ions of muons. The same 
e f f e c t , used with the data from the modified 150 m array , w i l l enable the. 
v a r i a t i o n of heights of or ig in with shower s i ze to be investigated. 
Occasionally i n the spectrograph records a p a r t i c l e making a very 
Large angle with the general shower d irec t ion i s observed. Some of the 
p a r t i c l e s const i tute the expected f lux of une.ssociated muons and the 
remainder have been shown to come from the d i rec t ion of the core 
(Earnshaw et a l . 1967b). They have been searched f o r , and tenta t ive ly 
i d e n t i f i e d as delayed penetrating p a r t i c l e s (Blake et a l . 1967). From 
the r e s u l t s on the angular deviations of muons, i t can be seen that 
muons originat ing very low in the shower with transverse momentum of 
the same order as t h e i r longi tudinal momentum in the lab system should 
be observed at great angles to the r e s t of the shower p a r t i c l e s . 
Bjornboe et a l . (1968) have concluded that such delayed p a r t i c l e s are 
not heavy (e .g . quarks) , nor can they be muons of energy greater 
than 2 GeV. Further observations on t h i s phenomenon could be of 
great in teres t . 
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APPENDIX A 
SUBDIVISION OF THE DATA BY MOMENTUM 
When d e a l i n g w i t h a f f e c t s which are f u n c t i o n s of momentum and 
examining the dependence upon o the r parameters or e v a l u a t i n g the 
v a r i a t i o n w i t h momentum i t i s convenient t o t r e a t l i m i t e d bands o f 
momentum. Because o f the s c a t t e r i n g o f muons by the magnet i r o n 
i t i s no t pos s ib l e t o c o r r e l a t e d i r e c t l y d e f l e c t i o n w i t h momentum* 
However a momentum may be a s c r i b e d t o each p a r t i c l e t o which the 
d e f l e c t i o n would correspond i n the absence of any s c a t t e r i n g (pure 
magnetic momentum), and s u b d i v i s i o n on the bas i s of t h i s es t imate i s 
poss ib le -
The data have been subdivided f o r a l l purposes i n t o f i v e bands 
w i t h l i m i t s sham i n column one o f Table A. 1- The data w i t h i n each 
band have been analysed t o de r i ve - a -momentum spectrum corresponding 
t o these d e f l e c t i o n s ( s e c t i o n 5 -2 -2 ) , y i e l d i n g the t r u e momentum 
spread corresponding t o these bands o f pure magnetic momentum. From 
these spect ra the mean t r u e momentum f o r each band has been f o u n d 
us ing 1 0 0 0 
f P S ( P ) dp 
P 
lOOO 
S ( P ; dp 
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•CABLE A. 1 





1 - 3 
. + 0.28 
1 " 6 1 - 0 . 2 6 
3 - 8 
8 - 15 
15 - 30 x q y : ? - 3-0 
> 30 , _ . + 22. 8 
- 1 9 . 3 
and. upper and. lower l i m i t s p l a c e d on t h i s mean • momentum correspond-
ing t o momenta i n c l u d i n g k0% of the areas above and below the mean 
v a l u e , w i t h the r e s u l t s shown i n Table A. 1. 
The t r i a l spectrum was c l o s e l y s i m i l a r t o t h a t a p p r o p r i a t e t o 
the t o t a l da ta recorded by the 500 m a r r a y , bu t i t i s expected t h a t 
as the d i s tance f r o m , t h e core v a r i e s and the momentum spectrum 
V a r i e s , so the mean momentum f o r a g iven band w i l l v a r y . This 
v a r i a t i o n o f p has been examined and found, t o be w i t h i n the e r r o r s . 
quoted on p f o r the t o t a l 500 m case. Thus the s t a t e d values o f 
mean momentum have been used. 
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APPENDIX B 
THE DEFLECTION OF MUONS BY THE GEOMAGNETIC FIELD 
The geomagnetic d e f l e c t i o n of muons observed w i t h momentum p Q 
GeV/c produced a t an a l t i t u d e Z Km above sea l e v e l i n an a i r shower 
of z e n i t h angle 6 and azimuth • can be d e r i v e d as f o l l o w s -
The mean momentum of the muons between p r o d u c t i o n and obse rva t ion 
i s 
J o ^ " e x p ( " Z / 7 ' 5 ) } / c o s 6 GeV/c P = P c 
Let a be the angle between the shower a x i s (and assumed inuon 
d i r e c t i o n ) and the magnetic f i e l d (angle o f d i p = i ) , g i v e n by-
cos a = cos i cos9 - s i n i s i n 9 cos 4» 
W r i t i n g p i n eV/c, these muons w i l l have r a d i i o f curva ture 
(R) i n the e a r t h ' s magnetic f i e l d (H gauss) o f 
R := p/jOO H s i n a cm 
Thus the angle ( f l ) through which the muon i s bent i s 
o Z x _ l p £ 1 
~ cos 9 x R 
and hence the l i n e a r d e f l e c t i o n of the muon noimal t o the l i n e s of 
f o r c e i s 
d r = R s i n a (sec Q - l ) 
w i t h x and y components 
{ 
dx =«• X ( d r cos 4>) 
dy = Y (dr s i n • ) / , 
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where X = + 1 f o r a p o s i t i v e muon i f shower does no t a r r i v e 
' unde r ' t he l i n e s of f o r c e 
Y — + 1 f o r a p o s i t i v e muon. 
I n t h i s c a l c u l a t i o n i t i s assumed t h a t the i nc r ea s ing d e f l e c t i o n 
o f a muon as i t loses energy may be s u c c e s s f u l l y averaged by us ing 
the mean momentum of the muon. This has been checked by d i v i d i n g 
_2 
t he atmosphere i n t o 100 gm cm bands and t r e a t i n g each o f these as 
descr ibed above and summating these bands over the pa th l eng th i n 
ques t ion . The d is tances through which the muons are d e f l e c t e d are 
s l i g h t l y smal le r i n . t h i s case than those c a l c u l a t e d by the above 
f o r m u l a t i o n , l e a d i n g t o a r e d u c t i o n i n the charge r a t i o s p r e d i c t e d . 
Th i s has not been a l l o w e d f o r i n t h i s t h e s i s as i t w i l l be o f f s e t 
t o seme ex ten t by t h e e f f e c t d iscussed i n s ec t i on 7-2-!• 
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APPENDIX C 
THE DERIVATION OF THE HEIGHT OF PRQJU.C.TIQIL.OF. A MUON 
FROM ITS 'ANGULAR DEVIATION FROM THE CORE 
The p r o j e c t e d i n c i d e n t angle o f the shower core (ty ) i s f ound 
f rom 9, • by 
and by r o t a t i o n o f the "axes used, the d i s tance a long the ground f r o m 
the core o f the t i l over t o the spectrograph i s p r o j e c t e d i n t o the 
measuring plane (AC i n F igure C - l ) . 
R e f e r r i n g t o F igure C - l the h e i g h t of p r o d u c t i o n may be found 
as f o l l o w s : -
t a n i'_ 
P 
tan 6 cos(4» + J>k. 5 ) 
L e t AC x 
GC = r 
OC h 
AG « / ( r 2 
Using the s ine r u l e : 
s i n w GF 
sin790 - "aj 
where 8 = 
. . . c p . r + Y / ( r 2 - x a ) s i n ^ 
s i n (90 - a) 
f Y = + 1 i f vjf and t are of oppos i t e signs i p o 
Y = - I i f i|r and i|f are of t h e same s i g n 
h = CF/tan (n) 
0 
f o - f p 
Muon 
E A S 
F i g . C . I 
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Now t h i s va lue o f h must be co r r ec t ed f o r core i n c l i n a t i o n : -
h ' = h cos (\|f ) 
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APPENDIX D 
THE PREDICTION OF THE DISTRIBUTION ,QF_ AJE.ULAR 
DEVIATIONS OF MUONS FROM THE CORE DIRECTION 
A muon i s assumed t o lose energy a t a constant r a t e o f 2.23 MeV 
-1 -2 -2 
gm cm and thus a t a he igh t £ 'gm cm a muon observed w i t h momentum 
p has momentum 
p ' a p + 0.1 + i x 0.00223 GeV/c . 
I t i s assumed t h a t t h i s muon i s the decay product o f a p i o n 
which decayed prompt ly on f o r m a t i o n and thus has an average momentum 
p^ = 1.32 p ' GeV/c 
the median angle of the decay process be ing 
6 * 2 ' 1 7 / ( / 2 x p r t ) ^ r e e s . 
The muon t r a j e c t o r y i s bent by the geomagnetic f i e l d (H) and 
an average va lue ( • ) i s used f o r t h i s , eva lua ted f o r the case o f a 
v e r t i c a l l y i n c i d e n t shower 
4, = .300 x H x s i n 25° x 5 ? p 2 9 d e g r e e s , 
(p + p ' ) / 2 
The decay and geomagnetic angles of d e v i a t i o n are taker, as 
d e l t a f u n c t i o n s and thus the p r o j e c t e d angular d e v i a t i o n s o f the muon 
f r o m the core can be changed by an amount \|r where 
\|r = 6 ± * 
The t o t a l w i d t h (a) o f the Gaussian s c a t t e r i n g d i s t r i b u t i o n i s 
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composed of measuring e r r o r s (a^) and Coulomb s c a t t e r i n g i n the a i r 
(cf ) and l ead s h i e l d i n g (a , ) as ^ A pb' 
• - N / ( V + V + y > 
Because o f t h i s s c a t t e r i n g , muons may be sca t t e r ed t o w i t h i n the 
l 6 ° l i m i t imposed on the data. Thus s p a t i a l opening angles o f 
p r o d u c t i o n between - 50° a n a 5 0 ° a r e considered. For a f i x e d h e i g h t 
and a band o f d is tance those values of opening angle (n) which w i l l 
no t f a l l w i t h i n t h e band are r e j e c t e d and f o r those which are accepted 
P-t- - p^ s i n Q GeV/c 
and the p r o b a b i l i t y of t h i s p o c c u r r i n g i s eva lua ted us ing the CKP 
d i s t r i b u t i o n -
g ( f l ) = f ( p t ) = f t _ exp ( - P t / p Q ) d p t 
where p Q = 0.2 GeV/ c» 
Triis i s now p r o j e c t e d i n t o the measuring plane o f the spec t ro-
graph, al lowance made f o r U/, and the p r o b a b i l i t y d i s t r i b u t i o n o f 
p r o j e c t e d angular d e v i a t i o n i s s c a t t e r e d by a Gaussian d i s t r i b u t i o n 
o f s tandard d e v i a t i o n 0. This s ca t t e r ed d i s t r i b u t i o n i s normal ized 
t o u n i t area between . - 16 and 16° and f o l d e d about zero t o g ive 
the f i n a l d i s t r i b u t i o n o f the abso lu te va lues o f the angular d e v i a t i o n 
f r o m the core- Due t o the method of c a l c u l a t i o n the f i r s t c e l l , of 
angular d e v i a t i o n i s on ly h a l f as wide as the o ther c e l l s , and thus 
13 k 
i n any comparisons i t i s o n l y g i v e n h a l f the weight o f the 
o thers . 
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